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(Join) Semilattices with Bottom
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}
Applying this construction to F = 2 ◊ (·)A and M = P, one transforms
Èo, tÍ : X æ [0, 1] ◊ (DX)A into Èo˘

, t
˘Í : DX æ [0, 1] ◊ (DX)A. The former is a non-

deterministic automaton and the latter is a deterministic automaton which has PX as states
space. In [?], see also [?], it is shown that, using the distributive law from Proposition 5, as
2 = P1 is the carrier of the free P-algebra, this amounts exactly to the standard determinisa-
tion from automata theory and justifies the term generalised determinisation. The obtained
semantics is language equivalence.

It is worth to mention that both the determinised coalgebra c
˘ : MXæFMX and the

final F -coalgebra are actually bialgebras [?, ?], roughly they are both an M -algebra and
an F -coalgebra. Moreover, the unique coalgebra morphism [[·]]c˘ : MX æ O

Aú is also an
M -algebra homomorphism. The latter entails the first item of the following.

I Theorem 15 ([?, ?]). The following properties hold for any coalgebra c : XæFMX and
its determinisation c

˘ : MXæFMX:
1. Behavioural equivalence for (MX, c

˘) is a congruence w.r.t. the algebraic structure of M .

XX:8 The Theory of Traces for Systems with Nondeterminism, Probability, and Termination

of T�,E1 . In the sequel we present several algebraic theories that give presentations to the
monads of interest.

Presenting the monad Pne Let �N be the signature consisting of a binary operation
ü. Let EN be the following set of axioms.

(x ü y) ü z
(A)= x ü (y ü z)

x ü y
(C)= y ü x

x ü x
(I)= x

The algebraic theory (�N , EN ) of semilattices provides a presentation for the monad
Pne. We refer to this theory as the theory of nondeterminism. To avoid confusion later, it is
convenient to fix here the interpretation of ü as a join (rather than a meet) and, thus, to
think of the induced order as x ı y i� x ü y = y.

Presenting the monad D Let �P be the signature consisting of binary operations +p

for all p œ (0, 1). Let EP be the following set of axioms.

(x +q y) +p z
(Ap)= x +pq (y + p(1≠q)

1≠pq

z)

x +p y
(Cp)= y +1≠p x

x +p x
(Ip)= x

Here, (Ap), (Cp), and (Ip) are the axioms of parametric associativity, commutativity, and
idempotence. The algebraic theory (�P , EP ) of convex algebras, see [?, ?, ?, ?, ?], provides
a presentation for the monad D.

Another presentation of convex algebras is given by the algebraic theory with infinitely
many operations denoting arbitrary (and not only binary) convex combinations (�P̂ , EP̂ )
where �P̂ consists of operations

qn
i=1 pi(·)i for all n œ N and (p1, . . . , pn) œ [0, 1]n such thatqn

i=1 pi = 1 and EP̂ is the set of the following two axioms.

nÿ

i=0
pixi

(P )= xj if pj = 1

nÿ

i=0
pi

Q

a
mÿ

j=0
qi,jxj

R

b (BC)=
mÿ

j=0

A
nÿ

i=0
piqi,j

B
xj .

Here, (P ) stands for projection, and (BC) for barycentre. This allows us to interchangeably
use binary convex combinations or arbitrary convex combinations whenever more convenient.
Moreover, we can write binary convex combinations +p for p œ [0, 1] and not just p œ (0, 1).

Convex algebras are known under many names: “convex modules” in [?], “positive convex
structures” in [?] (where X is taken to be endowed with the discrete topology), “sets with
a convex structure” in [?], and barycentric algebras [?]. We refer to the theory of convex
algebras as the algebraic theory for probability.
I Remark. Let X be a (�P̂ , EP̂ )-algebra. Then (for pn ”= 1 and pn = 1 ≠ pn)

nÿ

i=1
pixi = pn

Q

a
n≠1ÿ

j=1

pj

pn
xj

R

b + pnxn. (5)

F. Bonchi, A. Sokolova, V. Vignudelli XX:9

Hence, an n-ary convex combination can be written as a binary convex combination using
an (n ≠ 1)-ary convex combination.

One can also see Equation (5) as a definition – the classical definition of Stone [?,
Definition 1]. The following property, whose proof follows by induction along the lines of [?,
Lemma 1–Lemma 4], gives the connection:

Let X be the carrier of a (�P , EP )-algebra. Define n-ary convex operations inductively
by the projection axiom and the formula (5). Then X becomes an algebra in (�P̂ , EP̂ ).

Presenting · + 1 The algebraic theory (�T , ET ) for the termination monad consists of
a single constant (nullary operation symbol) �T = {ı} and no equations ET = ÿ. This is
called the theory of pointed sets.

Combining Algebraic Theories Algebraic theories can be combined in a number of
general ways: by taking their coproduct, their tensor, or by means of distributive laws (see
e.g. [?]). Unfortunately, these abstract constructions do not lead to a presentation for the
monad we are interested in. We will thus devote the next section to show a “hand-made”
presentation for this monad.

We conclude this section with a well known fact that can be easily proved, for instance
by taking the distributive law in (1): given a presentation (�, E) for a monad M , the monad
M(· + 1) is presented by the theory (�Õ

, E) where �Õ is � together with an extra constant ı.
For instance, the subdistributions monad D(·+1) is presented by the theory (�P fi�T , EP ) of
pointed convex algebras, also known as positive convex algebras. The theory (�N fi�T , EN ) of
pointed semilattices provides instead a presentation for the monad Pne(· + 1). It is interesting
to observe that the powerset monad P is presented by adding to (�N fi �T , EN ) the equation

x ü ı
(B)= x

leading to the theory of semilattices with bottom. The theory of semilattices with top can be
obtained by adding instead the following equation:

x ü ı
(T )= ı.

Similar axioms can be added to the theory of pointed convex algebras (�P fi �T , EP ). The
axiom

x +p ı
(Bp)= x

makes the probabilistic structure collapse, i.e., x +p y = x +q y holds for any p, q œ (0, 1):

x +p y
(Bp)= (x +q ı) +p y

(Ap)= x +pq (ı + p(1≠q)
1≠pq

y)
(Bp)= x +pq y

(Bp)= x +pq (ı + q(1≠p)
1≠pq

y)
(Ap)= (x +p ı) +q y

(Bp)= x +q y

At the monad level, adding the axioms (Bp) can be seen as the quotient of monads supp: D(·+
1) ∆ P mapping each sub-distribution into its support (e.g., (x +p y) +q ı becomes x + y).

On the other hand, the axiom

x +p ı
(Tp)= ı
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axiom

x +p ı
(Bp)= x

makes the probabilistic structure collapse, i.e., x +p y = x +q y holds for any p, q œ (0, 1):

x +p y
(Bp)= (x +q ı) +p y

(Ap)= x +pq (ı + p(1≠q)
1≠pq

y)
(Bp)= x +pq y

(Bp)= x +pq (ı + q(1≠p)
1≠pq

y)
(Ap)= (x +p ı) +q y

(Bp)= x +q y

At the monad level, adding the axioms (Bp) can be seen as the quotient of monads supp: D(·+
1) ∆ P mapping each sub-distribution into its support (e.g., (x +p y) +q ı becomes x + y).

On the other hand, the axiom

x +p ı
(Tp)= ı
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
≠

ı
aæ ı

s
aæ s

Õ
t

aæ t
Õ

s ü t
aæ s

Õ ü t
Õ

≠
ı ¿0
s ¿b1 t ¿b2

s ü t ¿b1Ûb2

s
aæ s

Õ
t

aæ t
Õ

s +p t
aæ s

Õ +p t
Õ

s ¿q1 t ¿q2

s +p t ¿p·q1+(1≠p)·q2

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}

The set of terms quotiented by these axioms is isomorphic to
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}
Applying this construction to F = 2 ◊ (·)A and M = P, one transforms
Èo, tÍ : X æ [0, 1] ◊ (DX)A into Èo˘

, t
˘Í : DX æ [0, 1] ◊ (DX)A. The former is a non-

deterministic automaton and the latter is a deterministic automaton which has PX as states
space. In [?], see also [?], it is shown that, using the distributive law from Proposition 5, as
2 = P1 is the carrier of the free P-algebra, this amounts exactly to the standard determinisa-
tion from automata theory and justifies the term generalised determinisation. The obtained
semantics is language equivalence.

It is worth to mention that both the determinised coalgebra c
˘ : MXæFMX and the

final F -coalgebra are actually bialgebras [?, ?], roughly they are both an M -algebra and
an F -coalgebra. Moreover, the unique coalgebra morphism [[·]]c˘ : MX æ O

Aú is also an
M -algebra homomorphism. The latter entails the first item of the following.

I Theorem 15 ([?, ?]). The following properties hold for any coalgebra c : XæFMX and
its determinisation c

˘ : MXæFMX:
1. Behavioural equivalence for (MX, c

˘) is a congruence w.r.t. the algebraic structure of M .

XX:8 The Theory of Traces for Systems with Nondeterminism, Probability, and Termination

of T�,E1 . In the sequel we present several algebraic theories that give presentations to the
monads of interest.

Presenting the monad Pne Let �N be the signature consisting of a binary operation
ü. Let EN be the following set of axioms.

(x ü y) ü z
(A)= x ü (y ü z)

x ü y
(C)= y ü x

x ü x
(I)= x

The algebraic theory (�N , EN ) of semilattices provides a presentation for the monad
Pne. We refer to this theory as the theory of nondeterminism. To avoid confusion later, it is
convenient to fix here the interpretation of ü as a join (rather than a meet) and, thus, to
think of the induced order as x ı y i� x ü y = y.

Presenting the monad D Let �P be the signature consisting of binary operations +p

for all p œ (0, 1). Let EP be the following set of axioms.

(x +q y) +p z
(Ap)= x +pq (y + p(1≠q)

1≠pq

z)

x +p y
(Cp)= y +1≠p x

x +p x
(Ip)= x

Here, (Ap), (Cp), and (Ip) are the axioms of parametric associativity, commutativity, and
idempotence. The algebraic theory (�P , EP ) of convex algebras, see [?, ?, ?, ?, ?], provides
a presentation for the monad D.

Another presentation of convex algebras is given by the algebraic theory with infinitely
many operations denoting arbitrary (and not only binary) convex combinations (�P̂ , EP̂ )
where �P̂ consists of operations

qn
i=1 pi(·)i for all n œ N and (p1, . . . , pn) œ [0, 1]n such thatqn

i=1 pi = 1 and EP̂ is the set of the following two axioms.

nÿ

i=0
pixi

(P )= xj if pj = 1

nÿ

i=0
pi

Q

a
mÿ

j=0
qi,jxj

R

b (BC)=
mÿ

j=0

A
nÿ

i=0
piqi,j

B
xj .

Here, (P ) stands for projection, and (BC) for barycentre. This allows us to interchangeably
use binary convex combinations or arbitrary convex combinations whenever more convenient.
Moreover, we can write binary convex combinations +p for p œ [0, 1] and not just p œ (0, 1).

Convex algebras are known under many names: “convex modules” in [?], “positive convex
structures” in [?] (where X is taken to be endowed with the discrete topology), “sets with
a convex structure” in [?], and barycentric algebras [?]. We refer to the theory of convex
algebras as the algebraic theory for probability.
I Remark. Let X be a (�P̂ , EP̂ )-algebra. Then (for pn ”= 1 and pn = 1 ≠ pn)

nÿ

i=1
pixi = pn

Q

a
n≠1ÿ

j=1

pj

pn
xj

R

b + pnxn. (5)
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Hence, an n-ary convex combination can be written as a binary convex combination using
an (n ≠ 1)-ary convex combination.

One can also see Equation (5) as a definition – the classical definition of Stone [?,
Definition 1]. The following property, whose proof follows by induction along the lines of [?,
Lemma 1–Lemma 4], gives the connection:

Let X be the carrier of a (�P , EP )-algebra. Define n-ary convex operations inductively
by the projection axiom and the formula (5). Then X becomes an algebra in (�P̂ , EP̂ ).

Presenting · + 1 The algebraic theory (�T , ET ) for the termination monad consists of
a single constant (nullary operation symbol) �T = {ı} and no equations ET = ÿ. This is
called the theory of pointed sets.

Combining Algebraic Theories Algebraic theories can be combined in a number of
general ways: by taking their coproduct, their tensor, or by means of distributive laws (see
e.g. [?]). Unfortunately, these abstract constructions do not lead to a presentation for the
monad we are interested in. We will thus devote the next section to show a “hand-made”
presentation for this monad.

We conclude this section with a well known fact that can be easily proved, for instance
by taking the distributive law in (1): given a presentation (�, E) for a monad M , the monad
M(· + 1) is presented by the theory (�Õ

, E) where �Õ is � together with an extra constant ı.
For instance, the subdistributions monad D(·+1) is presented by the theory (�P fi�T , EP ) of
pointed convex algebras, also known as positive convex algebras. The theory (�N fi�T , EN ) of
pointed semilattices provides instead a presentation for the monad Pne(· + 1). It is interesting
to observe that the powerset monad P is presented by adding to (�N fi �T , EN ) the equation

x ü ı
(B)= x

leading to the theory of semilattices with bottom. The theory of semilattices with top can be
obtained by adding instead the following equation:

x ü ı
(T )= ı.

Similar axioms can be added to the theory of pointed convex algebras (�P fi �T , EP ). The
axiom

x +p ı
(Bp)= x

makes the probabilistic structure collapse, i.e., x +p y = x +q y holds for any p, q œ (0, 1):

x +p y
(Bp)= (x +q ı) +p y

(Ap)= x +pq (ı + p(1≠q)
1≠pq

y)
(Bp)= x +pq y

(Bp)= x +pq (ı + q(1≠p)
1≠pq

y)
(Ap)= (x +p ı) +q y

(Bp)= x +q y

At the monad level, adding the axioms (Bp) can be seen as the quotient of monads supp: D(·+
1) ∆ P mapping each sub-distribution into its support (e.g., (x +p y) +q ı becomes x + y).

On the other hand, the axiom

x +p ı
(Tp)= ı
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
≠

ı
aæ ı

s
aæ s

Õ
t

aæ t
Õ

s ü t
aæ s

Õ ü t
Õ

≠
ı ¿0
s ¿b1 t ¿b2

s ü t ¿b1Ûb2

s
aæ s

Õ
t

aæ t
Õ

s +p t
aæ s

Õ +p t
Õ

s ¿q1 t ¿q2

s +p t ¿p·q1+(1≠p)·q2

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}

The set of terms quotiented by these axioms is isomorphic to

this theory is a presentation for the powerset monad
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
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˘Í where
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˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and
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˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
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{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}
Applying this construction to F = 2 ◊ (·)A and M = P, one transforms
Èo, tÍ : X æ [0, 1] ◊ (DX)A into Èo˘

, t
˘Í : DX æ [0, 1] ◊ (DX)A. The former is a non-

deterministic automaton and the latter is a deterministic automaton which has PX as states
space. In [?], see also [?], it is shown that, using the distributive law from Proposition 5, as
2 = P1 is the carrier of the free P-algebra, this amounts exactly to the standard determinisa-
tion from automata theory and justifies the term generalised determinisation. The obtained
semantics is language equivalence.

It is worth to mention that both the determinised coalgebra c
˘ : MXæFMX and the

final F -coalgebra are actually bialgebras [?, ?], roughly they are both an M -algebra and
an F -coalgebra. Moreover, the unique coalgebra morphism [[·]]c˘ : MX æ O

Aú is also an
M -algebra homomorphism. The latter entails the first item of the following.

I Theorem 15 ([?, ?]). The following properties hold for any coalgebra c : XæFMX and
its determinisation c

˘ : MXæFMX:
1. Behavioural equivalence for (MX, c

˘) is a congruence w.r.t. the algebraic structure of M .
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of T�,E1 . In the sequel we present several algebraic theories that give presentations to the
monads of interest.

Presenting the monad Pne Let �N be the signature consisting of a binary operation
ü. Let EN be the following set of axioms.

(x ü y) ü z
(A)= x ü (y ü z)

x ü y
(C)= y ü x

x ü x
(I)= x

The algebraic theory (�N , EN ) of semilattices provides a presentation for the monad
Pne. We refer to this theory as the theory of nondeterminism. To avoid confusion later, it is
convenient to fix here the interpretation of ü as a join (rather than a meet) and, thus, to
think of the induced order as x ı y i� x ü y = y.

Presenting the monad D Let �P be the signature consisting of binary operations +p

for all p œ (0, 1). Let EP be the following set of axioms.

(x +q y) +p z
(Ap)= x +pq (y + p(1≠q)

1≠pq

z)

x +p y
(Cp)= y +1≠p x

x +p x
(Ip)= x

Here, (Ap), (Cp), and (Ip) are the axioms of parametric associativity, commutativity, and
idempotence. The algebraic theory (�P , EP ) of convex algebras, see [?, ?, ?, ?, ?], provides
a presentation for the monad D.

Another presentation of convex algebras is given by the algebraic theory with infinitely
many operations denoting arbitrary (and not only binary) convex combinations (�P̂ , EP̂ )
where �P̂ consists of operations

qn
i=1 pi(·)i for all n œ N and (p1, . . . , pn) œ [0, 1]n such thatqn

i=1 pi = 1 and EP̂ is the set of the following two axioms.

nÿ

i=0
pixi

(P )= xj if pj = 1

nÿ

i=0
pi

Q

a
mÿ

j=0
qi,jxj

R

b (BC)=
mÿ

j=0

A
nÿ

i=0
piqi,j

B
xj .

Here, (P ) stands for projection, and (BC) for barycentre. This allows us to interchangeably
use binary convex combinations or arbitrary convex combinations whenever more convenient.
Moreover, we can write binary convex combinations +p for p œ [0, 1] and not just p œ (0, 1).

Convex algebras are known under many names: “convex modules” in [?], “positive convex
structures” in [?] (where X is taken to be endowed with the discrete topology), “sets with
a convex structure” in [?], and barycentric algebras [?]. We refer to the theory of convex
algebras as the algebraic theory for probability.
I Remark. Let X be a (�P̂ , EP̂ )-algebra. Then (for pn ”= 1 and pn = 1 ≠ pn)

nÿ

i=1
pixi = pn

Q

a
n≠1ÿ

j=1

pj

pn
xj

R

b + pnxn. (5)
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Hence, an n-ary convex combination can be written as a binary convex combination using
an (n ≠ 1)-ary convex combination.

One can also see Equation (5) as a definition – the classical definition of Stone [?,
Definition 1]. The following property, whose proof follows by induction along the lines of [?,
Lemma 1–Lemma 4], gives the connection:

Let X be the carrier of a (�P , EP )-algebra. Define n-ary convex operations inductively
by the projection axiom and the formula (5). Then X becomes an algebra in (�P̂ , EP̂ ).

Presenting · + 1 The algebraic theory (�T , ET ) for the termination monad consists of
a single constant (nullary operation symbol) �T = {ı} and no equations ET = ÿ. This is
called the theory of pointed sets.

Combining Algebraic Theories Algebraic theories can be combined in a number of
general ways: by taking their coproduct, their tensor, or by means of distributive laws (see
e.g. [?]). Unfortunately, these abstract constructions do not lead to a presentation for the
monad we are interested in. We will thus devote the next section to show a “hand-made”
presentation for this monad.

We conclude this section with a well known fact that can be easily proved, for instance
by taking the distributive law in (1): given a presentation (�, E) for a monad M , the monad
M(· + 1) is presented by the theory (�Õ

, E) where �Õ is � together with an extra constant ı.
For instance, the subdistributions monad D(·+1) is presented by the theory (�P fi�T , EP ) of
pointed convex algebras, also known as positive convex algebras. The theory (�N fi�T , EN ) of
pointed semilattices provides instead a presentation for the monad Pne(· + 1). It is interesting
to observe that the powerset monad P is presented by adding to (�N fi �T , EN ) the equation

x ü ı
(B)= x

leading to the theory of semilattices with bottom. The theory of semilattices with top can be
obtained by adding instead the following equation:

x ü ı
(T )= ı.

Similar axioms can be added to the theory of pointed convex algebras (�P fi �T , EP ). The
axiom

x +p ı
(Bp)= x

makes the probabilistic structure collapse, i.e., x +p y = x +q y holds for any p, q œ (0, 1):

x +p y
(Bp)= (x +q ı) +p y

(Ap)= x +pq (ı + p(1≠q)
1≠pq

y)
(Bp)= x +pq y

(Bp)= x +pq (ı + q(1≠p)
1≠pq

y)
(Ap)= (x +p ı) +q y

(Bp)= x +q y

At the monad level, adding the axioms (Bp) can be seen as the quotient of monads supp: D(·+
1) ∆ P mapping each sub-distribution into its support (e.g., (x +p y) +q ı becomes x + y).

On the other hand, the axiom

x +p ı
(Tp)= ı
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X
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[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
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{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}

The set of terms quotiented by these axioms is isomorphic to

this theory is a presentation for the powerset monad
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The Algebraic Theory of 
Convex Algebras

XX:8 The Theory of Traces for Systems with Nondeterminism, Probability, and Termination

of T�,E1 . In the sequel we present several algebraic theories that give presentations to the
monads of interest.

Presenting the monad Pne Let �N be the signature consisting of a binary operation
ü. Let EN be the following set of axioms.

(x ü y) ü z
(A)= x ü (y ü z)

x ü y
(C)= y ü x

x ü x
(I)= x

The algebraic theory (�N , EN ) of semilattices provides a presentation for the monad
Pne. We refer to this theory as the theory of nondeterminism. To avoid confusion later, it is
convenient to fix here the interpretation of ü as a join (rather than a meet) and, thus, to
think of the induced order as x ı y i� x ü y = y.

Presenting the monad D Let �P be the signature consisting of binary operations +p

for all p œ (0, 1). Let EP be the following set of axioms.

(x +q y) +p z
(Ap)= x +pq (y + p(1≠q)

1≠pq

z)

x +p y
(Cp)= y +1≠p x

x +p x
(Ip)= x

Here, (Ap), (Cp), and (Ip) are the axioms of parametric associativity, commutativity, and
idempotence. The algebraic theory (�P , EP ) of convex algebras, see [?, ?, ?, ?, ?], provides
a presentation for the monad D.

Another presentation of convex algebras is given by the algebraic theory with infinitely
many operations denoting arbitrary (and not only binary) convex combinations (�P̂ , EP̂ )
where �P̂ consists of operations

qn
i=1 pi(·)i for all n œ N and (p1, . . . , pn) œ [0, 1]n such thatqn

i=1 pi = 1 and EP̂ is the set of the following two axioms.

nÿ

i=0
pixi

(P )= xj if pj = 1

nÿ

i=0
pi

Q

a
mÿ

j=0
qi,jxj

R

b (BC)=
mÿ

j=0

A
nÿ

i=0
piqi,j

B
xj .

Here, (P ) stands for projection, and (BC) for barycentre. This allows us to interchangeably
use binary convex combinations or arbitrary convex combinations whenever more convenient.
Moreover, we can write binary convex combinations +p for p œ [0, 1] and not just p œ (0, 1).

Convex algebras are known under many names: “convex modules” in [?], “positive convex
structures” in [?] (where X is taken to be endowed with the discrete topology), “sets with
a convex structure” in [?], and barycentric algebras [?]. We refer to the theory of convex
algebras as the algebraic theory for probability.
I Remark. Let X be a (�P̂ , EP̂ )-algebra. Then (for pn ”= 1 and pn = 1 ≠ pn)

nÿ

i=1
pixi = pn

Q

a
n≠1ÿ

j=1

pj

pn
xj

R

b + pnxn. (5)
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}
Applying this construction to F = 2 ◊ (·)A and M = P, one transforms
Èo, tÍ : X æ [0, 1] ◊ (DX)A into Èo˘

, t
˘Í : DX æ [0, 1] ◊ (DX)A. The former is a non-

deterministic automaton and the latter is a deterministic automaton which has PX as states
space. In [?], see also [?], it is shown that, using the distributive law from Proposition 5, as
2 = P1 is the carrier of the free P-algebra, this amounts exactly to the standard determinisa-
tion from automata theory and justifies the term generalised determinisation. The obtained
semantics is language equivalence.

It is worth to mention that both the determinised coalgebra c
˘ : MXæFMX and the

final F -coalgebra are actually bialgebras [?, ?], roughly they are both an M -algebra and
an F -coalgebra. Moreover, the unique coalgebra morphism [[·]]c˘ : MX æ O

Aú is also an
M -algebra homomorphism. The latter entails the first item of the following.

I Theorem 15 ([?, ?]). The following properties hold for any coalgebra c : XæFMX and
its determinisation c

˘ : MXæFMX:
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I Remark. Let X be a (�P̂ , EP̂ )-algebra. Then (for pn ”= 1 and pn = 1 ≠ pn)
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}
Applying this construction to F = 2 ◊ (·)A and M = P, one transforms
Èo, tÍ : X æ [0, 1] ◊ (DX)A into Èo˘

, t
˘Í : DX æ [0, 1] ◊ (DX)A. The former is a non-

deterministic automaton and the latter is a deterministic automaton which has PX as states
space. In [?], see also [?], it is shown that, using the distributive law from Proposition 5, as
2 = P1 is the carrier of the free P-algebra, this amounts exactly to the standard determinisa-
tion from automata theory and justifies the term generalised determinisation. The obtained
semantics is language equivalence.

It is worth to mention that both the determinised coalgebra c
˘ : MXæFMX and the

final F -coalgebra are actually bialgebras [?, ?], roughly they are both an M -algebra and
an F -coalgebra. Moreover, the unique coalgebra morphism [[·]]c˘ : MX æ O

Aú is also an
M -algebra homomorphism. The latter entails the first item of the following.

I Theorem 15 ([?, ?]). The following properties hold for any coalgebra c : XæFMX and
its determinisation c

˘ : MXæFMX:

The set of terms quotiented by these axioms is isomorphic to

F. Bonchi, A. Sokolova, V. Vignudelli XX:23

where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}
Applying this construction to F = 2 ◊ (·)A and M = P, one transforms
Èo, tÍ : X æ [0, 1] ◊ (DX)A into Èo˘

, t
˘Í : DX æ [0, 1] ◊ (DX)A. The former is a non-

deterministic automaton and the latter is a deterministic automaton which has PX as states
space. In [?], see also [?], it is shown that, using the distributive law from Proposition 5, as
2 = P1 is the carrier of the free P-algebra, this amounts exactly to the standard determinisa-
tion from automata theory and justifies the term generalised determinisation. The obtained
semantics is language equivalence.

It is worth to mention that both the determinised coalgebra c
˘ : MXæFMX and the

final F -coalgebra are actually bialgebras [?, ?], roughly they are both an M -algebra and
an F -coalgebra. Moreover, the unique coalgebra morphism [[·]]c˘ : MX æ O

Aú is also an
M -algebra homomorphism. The latter entails the first item of the following.

I Theorem 15 ([?, ?]). The following properties hold for any coalgebra c : XæFMX and
its determinisation c

˘ : MXæFMX:

this theory is a presentation for the distribution monad



The Algebraic Theory of 
Convex Algebras

XX:8 The Theory of Traces for Systems with Nondeterminism, Probability, and Termination

of T�,E1 . In the sequel we present several algebraic theories that give presentations to the
monads of interest.

Presenting the monad Pne Let �N be the signature consisting of a binary operation
ü. Let EN be the following set of axioms.

(x ü y) ü z
(A)= x ü (y ü z)

x ü y
(C)= y ü x

x ü x
(I)= x

The algebraic theory (�N , EN ) of semilattices provides a presentation for the monad
Pne. We refer to this theory as the theory of nondeterminism. To avoid confusion later, it is
convenient to fix here the interpretation of ü as a join (rather than a meet) and, thus, to
think of the induced order as x ı y i� x ü y = y.

Presenting the monad D Let �P be the signature consisting of binary operations +p

for all p œ (0, 1). Let EP be the following set of axioms.

(x +q y) +p z
(Ap)= x +pq (y + p(1≠q)

1≠pq

z)

x +p y
(Cp)= y +1≠p x

x +p x
(Ip)= x

Here, (Ap), (Cp), and (Ip) are the axioms of parametric associativity, commutativity, and
idempotence. The algebraic theory (�P , EP ) of convex algebras, see [?, ?, ?, ?, ?], provides
a presentation for the monad D.

Another presentation of convex algebras is given by the algebraic theory with infinitely
many operations denoting arbitrary (and not only binary) convex combinations (�P̂ , EP̂ )
where �P̂ consists of operations

qn
i=1 pi(·)i for all n œ N and (p1, . . . , pn) œ [0, 1]n such thatqn

i=1 pi = 1 and EP̂ is the set of the following two axioms.
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Here, (P ) stands for projection, and (BC) for barycentre. This allows us to interchangeably
use binary convex combinations or arbitrary convex combinations whenever more convenient.
Moreover, we can write binary convex combinations +p for p œ [0, 1] and not just p œ (0, 1).
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Effectful Transition Systems
 

X ➝ (MX)A 

a b

M is a monad, providing 
algebraic effects

Petrisan and Sokolova

trace : X ! (M1)N

trace(x)(n) = trace(n)(x) = M ! � (c#)n � ⌘

trace : X ! O
A

⇤

trace(x)(w) = trace(w)(x) = h � a
#
n � · · · � a

#
1 � ⌘

trace(x)(a1 . . . an) = o , x
a1! t1

a2! t2 · · · tn�1
an! tn ^ tn # o

X MX M1
⌘

c
#

M !
(33)

trace : X ! O
N

trace(x)(n) = trace(n)(x) = h � (c#)n � ⌘

b, ab, aab 2 trace(x)

trace : N ! (M1)X

trace : N ! O
X

trace(n) = M ! � (c#)n � ⌘

trace(n) = h � (c#)n � ⌘

trace : A⇤ ! (M1)X

trace : A⇤ ! O
X

trace(a1 . . . an) = h � a
#
n � · · · a#1 � ⌘

J�K : X ! O
A

⇤

µ : MM ) M ⌘ : I ) M

21
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2. Monads and Algebraic Theories

In this paper, on the algebraic side, we deal with
Eilenberg-Moore algebras of a monad on the category Sets
of sets and functions, for which we also give presentations
in terms of operations and equations, i.e., algebraic theories.

2.1. Monads

X ! MX

tr : X ! P(A⇤) ⇠= 2A
⇤

tr : X ! O
A⇤

a, aa, aaba 2 tr(x)

b, ba, baa 2 tr(y)

ab, bb, aab 2 tr(x)

tr(x) : aa 7! 1, ab 7! 1, . . .

x
a! tx

X
!! 1

⌘! M1

A monad on Sets is a functor M : Sets ! Sets
together with two natural transformations: a unit ⌘ : Id ) M

and multiplication µ : M2 ) M that satisfy the laws
µ � ⌘M = µ � M⌘ = id and µ � Mµ = µ � µM .

We next introduce several monads on Sets, relevant to
this paper. Each monad can be seen as giving side-effects.

Nondeterminism. The finite powerset monad P maps a set
X to its finite powerset PX = {U | U ✓ X, U is finite}
and a function f : X ! Y to Pf : PX ! PY , Pf(U) =
{f(u) | u 2 U}. The unit ⌘ of P is given by singleton, i.e.,
⌘(x) = {x} and the multiplication µ is given by union, i.e.,
µ(S) =

S
U2S U for S 2 PPX . Of particular interest to

us in this paper is the submonad Pne of non-empty finite
subsets, that acts on functions just like the (finite) powerset
monad, and has the same unit and multiplication. We rarely
mention the unrestricted (not necessarily finite) powerset
monad, which we denote by Pu. We sometimes write f

for Puf in this paper.

Probability. The finitely supported probability distribution
monad D is defined, for a set X and a function f : X ! Y ,
as
DX = {' : X ! [0, 1] |

X

x2X

'(x) = 1, supp(') is finite}

Df(')(y) =
X

x2f�1(y)

'(x).

The support set of a distribution ' 2 DX is supp(') =
{x 2 X | '(x) 6= 0}. The unit of D is given by a
Dirac distribution ⌘(x) = �x = (x 7! 1) for x 2 X and
the multiplication by µ(�)(x) =

P
'2supp(�) �(') · '(x)

for � 2 DDX . We sometimes write
P

i2I pixi for a
distribution ' with supp(') = {xi | i 2 I} and '(xi) = pi.

Termination. The termination monad, also called lift and
denoted by ·+ 1 maps a set X to the set X + 1, where +
denotes the coproduct in Sets, which amounts to disjoint
union, and 1 = {?}. For a coproduct A + B we write
inl : A ! A + B and inr : B ! A + B for the left and
right coproduct injections, respectively. This monad maps a
function f : X ! Y to the function f +1: X +1 ! Y +1
defined, as expected, by (f + 1)(inl(x)) = inl(f(x)) for
x 2 X and (f + 1)(inr(?)) = inr(?). The unit of the ter-
mination monad is given by the left injection, ⌘ : X ! X+1
with ⌘(x) = inl(x) and the multiplication by µ(inl �
inl(x)) = inl(x) for x 2 X , µ(inl � inr(?)) = inr(?), and
µ(inr(?)) = inr(?). If clear from the context, we may omit
explicit mentioning of the injections, and write for example
(f + 1)(x) = x for x 2 X and (f + 1)(?) = ?.
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trace : X ! O
A
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#
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#
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X MX M1
⌘

c
#

M !
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Observation morphisms and observation maps, canonical observations

Given an algebra O = (O, ao), an observation homomorphism for a monad coalgebra X
c! MX is a

homomorphism h : MX ! O from the free M -algebra generated by X to O. One way to obtain such a
homomorphism is by starting from a flat observation o : X ! O and extending it as discussed in Section 2.2
above: h = o

# : MX ! O, for o# = ao � Mo. We refer to O as the algebra of observations and O as the
set of observations. If, moreover, O is a free algebra, say O = (MÔ, µ), then a plain Sets map ô : X ! Ô

yields a homomorphism Mô : MX ! MÔ. Indeed,

Mô = µ � M⌘ � Mô = µ � M(⌘ � ô) = (⌘ � ô)#.

Hence, for any plain observation map ô : X ! Ô, there is its canonical algebra of observations (MÔ, µ
M )

and observation homomorphism Mô.
Following this, the simplest choice of observations is provided by the free algebraM1 with one generator,

obtained as M ! : MX ! M1 for the unique (constant) plain map ! : X ! 1. In the sequel, we call M ! =
(⌘ �!)# the canonical observations. These observations are used in the simple coalgebraic traces from [],
and are also used to turn systems into automata in [?,?] 7 , whereas [] employs observation homomorphisms
of the kind Mô in an arbitrary free algebra.

Simple traces for M -coalgebras

We still focus on just one monad-coalgebra c : X ! MX. The main idea is that the trace at n, which
can be understood as the observable trace after n steps, is obtained by iterating the coalgebra n times
followed by observing the observations. In more detail, the coalgebra map c : X ! MX extends to the
determinisation c

# : MX ! MX as described in Section 2.2 above. Recall that c
# = µ

M � Mc. This
determinisation, also known as the Kleisli extension of c, is the map that we can iterate. Having a coalgebra
for a monad is crucial for the possibility to determinise and hence to iterate the coalgebra map 8 . The
trace of the coalgebra c : X ! MX under an observation homomorphism h : MX ! O into an algebra
O = (O, ao) is then defined by

trace[c, h](n) = h � (c#)n � ⌘
M (5)

and can be pictured by the following diagram, where the trace at n amounts to taking the self-loop n

times.

X MX O

⌘

c
#

h
(6)

In case when h = o
# with o

# the unique homomorphism from (MX,µ
M ) to O for an observation map

o : X ! O, we may just write trace[c, o] instead of trace[c, h]. Hence

trace[c, o](n) = trace[c, o#](n) = o
# � (c#)n � ⌘

M (7)

Remark 3.1 At this point it is worth to mention the obvious fact that a monad-coalgebra c : X ! MX

together with an observations map o : X ! O into the carrier of an algebra O = (O, ao) can be identified
with the coalgebra ho, ci : X ! O ⇥ MX of type FM for F = O ⇥ I. For such coalgebras, traces
can be obtained by determinisation [?,?] due to a canonical distributive law 9

� : MF ) FM given by
� = (ao ⇥ id) � hT⇡1, T⇡2i. This law is actually a special case of the law .. mentioned in Remark 3.4
below?? The trace via determinisation is exactly trace[c, o]...??

7 Think of traces for LTS vs. languages of non-deterministic automata: The traces for an LTS are exactly the words
in the automaton obtained from the LTS by making all states accepting. Exactly this is achieved by the canonical
observations.
8 The monad can be “avoided” [] by replacing it with an adjunction.
9 This is a small extension of a result in [], shown recently in an internship report by Luko van der Maas.
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Trace can be described using: 

Petrisan and Sokolova

taking a self-loop for each letter in w in the order of appearance in w.

X MX O

⌘

c
#
a

h
(9)

Lemma 3.3 The assignment c
#
� is a homomorphism from the monoid (A⇤

, ·, ") to the opposite monoid

of maps from MX to MX (actually algebra homomorphisms one the free algebra), i.e., for w = uv 2 A
⇤

with u, v 2 A
⇤
we have

c
#
w = c

#
v � c

#
u .

Proof. By simple induction on (the length of) u.

IB. For u with length 0, we have u = ", v = w, and the statement holds by definition as c#u = id.
IH. Assume the statement holds for all u with length n.
IS. Consider w = uv where u = ar for a 2 A, r 2 A

⇤, v 2 A
⇤ and u of length n + 1, i.e., r of length n.

Then w = uv = arv and

c
#
w = c

#
rv � c

#
a

IH
= c

#
v � c

#
r � c

#
a = c

#
v � c

#
ar = c

#
v � c

#
u .

2

In particular, as a consequence we see that for all w 2 A
⇤ and a 2 A, c#wa = c

#
a � c

#
w , and therefore:

trace[c, h](wa) = trace[c, h � c
#
a ](w) (10)

Remark 3.4 Again we are in a situation that can be dealt with determinisation: An input M -coalgebra
c : X ! (MX)A together with an observations map o : X ! O into the carrier of an algebra O = (O, ao)
can be identified with the coalgebra ho, ci : X ! O ⇥ (MX)A of type FM for F = O ⇥ IA. For such
coalgebras, traces can be obtained by determinisation [?,?] due to a canonical distributive law. The trace
via determinisation yields...

Example 3.5 TBD

Invariance of Traces under Monad Maps

Given two monads (S, ⌘S , µS) and (T, ⌘T , µT ), a monad map from S to T is a natural transformation
� : S ) T that commutes appropriately with the units and the multiplications of the monads. More
precisely, we have � � ⌘

S = ⌘
T and � � µ

S = µ
T � ��.

In case of a monad map � : S ) T , an S-coalgebra (X, cS) with cS : X ! SX translates to a T -

coalgebra (X, cT ) with cT = X
cS! SX

�! TX. The traces relate as stated in the next proposition, which
can be seen as a variation of the invariance theorem, Theorem 16 from [].

Proposition 3.6 If � : S ) T is a monad map and cS : X ! SX and cT : X
cS! SX

�! TX coalgebras,

then

� � c
#
S
= c

#
T
� �

and the following hold:

(i) Under the canonical observations, trace[cT ](n) = � � trace[cS ](n).

(ii) Given a T -algebra of observations (A, aT ), we get an S-algebra of observations (A, aS) by taking

aS = aT � �. Then the trace of cT under observation map o : X ! A w.r.t. (A, aT ) and the trace of

cS under the same observation map w.r.t. (A, aS) coincide:

trace[cT , o](n) = trace[cS , o](n).
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