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VERIFYING PROPERTIES OF PROGRAMS

1. define an abstract model of a program and provide an 
algorithm for checking the property	



2. define a sound technique for associating an abstract model 
to the program	


- e.g.  inference system, source-to-source transformation	



3. 1 and 2 may introduce overapproximations (the verifier 
rejects safe codes)
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a dependency pair between entities (names) is written 	



• a circular dependency is a set of pairs such as	



• circular dependencies represent deadlocks

VERIFYING DEADLOCK FREEDOM
2 Cosimo Laneve and Luca Padovani

� ⇥ �� {(x, y), (y, z), (z, x)} (x, y)

M(x, y, z) �⇤ (x, y)⌅M(y, z, x)
�⇤ (x, y)⌅(y, z)⌅M(z, x, y)
�⇤ (x, y)⌅(y, z)⌅(z, x)⌅M(x, y, z) (1)
�⇤ (x, y)⌅(y, z)⌅(z, x)⌅M(y, z, x)
�⇤ (x, y)⌅(y, z)⌅(z, x)⌅M(z, x, y)
�⇤ (1)

�
M(x, y, z) = (x, y)⌅M(y, z, x), M(x, y, z)

⇥

�
N(x, y, z) = (x, y) ; N(y, z, x), N(x, y, z)

⇥

N(x, y, z) �⇤ (x, y) ; N(y, z, x)
�⇤ (x, y) ; (y, z) ; N(z, x, y)
�⇤ (x, y) ; (y, z) ; (z, x) ; N(x, y, z) (1)
�⇤ (x, y) ; (y, z) ; (z, x) ; N(y, z, x)
�⇤ (x, y) ; (y, z) ; (z, x) ; N(z, x, y)
�⇤ (1)

�
P(x, y) = (x, y)⌅P(y, z), P(x, y)

⇥

P(x, y) �⇤ (x, y)⌅P(y, z1)
�⇤ (x, y)⌅(y, z1)⌅P(z1, z2)
�⇤ (x, y)⌅(y, z1)⌅(z1, z2)⌅P(z2, z3)
�⇤ · · ·

(x, y)⌅(y, z1)⌅(z1, z2)⌅ · · ·
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PLAN: developing an abstract model and an algorithm for the 
analysis of deadlocks in object-oriented languages 	



1. illustrate the abstract models of sample Java programs	



2. define the abstract model -- the language of lams	



3. specify a decision algorithm for detecting circular dependencies in linear lams	



4. address the nonlinear case
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A PARALLEL FACTORIAL
   synchronized int fact(final int n) { 
        if (n==0) return 1 ; 
        else {  
            final Maths x = new Maths() ; 
            Thread t = new Thread(new Runnable() { 
                public void run() { x.result = x.fact(n-1) ; 
                }   }) ; 
            t.start() ; 
            t.join() ;  
            return (n * x.result) ; 
        } 
    } 

// exception handlers have been omitted 

!
!
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PARALLEL FACTORIAL AND LAMS
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        else {  
            final Maths x = new Maths() ; 
            Thread t = new Thread(new Runnable() { 
                public void run() { x.result = x.fact(n-1) ; 
                }   }) ; 
            t.start(); 
            t.join() ;  
            return (n * x.result) ; 
        } 
    } 

!

!
!
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− assume that every function is synchronous
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− assume that every function is synchronous
− remove thread management



Department of Computer Science and Engineering 
Università di Bologna
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− assume that every function is synchronous
− remove thread management
− remove (primitive) types and conditional and collect branches
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PARALLEL FACTORIAL AND LAMS
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− assume that every function is synchronous

this

x

− highlight the owner of the method in the arguments (and remove integers)

− remove thread management
− remove (primitive) types and conditional and collect branches
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PARALLEL FACTORIAL AND LAMS
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!

!
!
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− assume that every function is synchronous

− derive the lam function 

Mutations, Flashbacks and Deadlocks
Elena Giachino Cosimo Laneve

Computer Science and Engineering Department, University of Bologna – INRIA Focus Team
giachino,laneve @cs.unibo.it

Abstract—We generalize the theory of permutations of names
to so-called mutations that transform tuples by introducing
duplicates and fresh names. The theory of mutations underpins
an algorithm for detecting deadlocks (i.e. circular dependencies
between resources) in a model defining dependencies – the
language for lams.

We demonstrate that our algorithm is a decision procedure
for so-called linear lams while it is imprecise but sound in the
general case.

As a consequence of our results, deadlock analyzers for pro-
gramming languages may be specified by defining an association
programs/lams.

I. INTRODUCTION

This article develops a technique for the detection of
deadlocks in programs of languages with resources, identified
by names hereafter, such as object-oriented ones. The major
benefits of our technique are that

1) it does not use any pre-defined partial order of names and
2) it deals with dynamic name creation.
To pursue the above objective, we introduce a model, called

lam (an acronym for deadLock Analysis Model), whose states
retain information on (name) dependencies, written as pairs
x, y hereafter, meaning that the release of the resource ref-

erenced by x depends on the release of the resource referenced
by y. In particular, every lam is a set of relations on names
and a potential misbehavior is signaled by the presence of
a circular dependency (also called a circularity) in some of
its relations. For instance, the dependencies x, y and y, x
reveal a circularity when they are in a same relation, while
there is no hassle if they belong to different relations.

Lams are intended to be abstract models of programs:
the states of a lam (over)define the dependencies in the
states of the corresponding program. For example, consider
the following JAVA method fact (for readability sake, the
exception handlers have been removed; the full code is in
Table III) of a class Maths with field result

synchronized int fact(final int n) {
if (n==0) return 1 ;
else { final Maths x = new Maths() ;

Thread t = new Thread(new Runnable() {
public void run(){ x.result= x.fact(n-1);
} }) ;

t.start() ;
t.join() ;
return (n * x.result) ;
}

}

Since fact is synchronized, the corresponding thread
acquires the lock of its object before execution and releases
the lock upon termination. We notice that the above definition
of fact executes the recursive invocation on a separate thread

on a new object of Maths. In the lam definition, this amounts
to introducing a dependency between this and a free name. In
particular, the lam function fact is

fact this this , x �fact x

where (i) the header drops the integer argument and highlights
the object this , (ii) the body removes the if-then-else statement
and collects the dependencies and the invocations in the two
branches of the conditional (� is interpreted as the set union
operation), and (iii) JAVA verbosity about thread management
has been removed by highlighting the recursive invocation
only. The semantics of fact is defined operationally by
unfolding the recursive invocations. In particular, the unfolding
of fact this yields the sequence of abstract states (free
names in the definition of fact are replaced by fresh names
in the unfoldings)

fact this this , u �fact u
this , u � u, v �fact v
this , u � u, v � v, w �fact w

It is worth to observe that these abstract states highlight the
dependencies between objects in the concrete states of the Java
program executing fact (actually, the set of dependencies of
the lam function are supersets because of the abstraction from
the integer values).

Lam programs are collections of function definitions and a
main term to evaluate. For example, in the program

fact this this , x �fact x , fact u ,

defines fact and the main term fact u . Because lams feature
dynamic name creation – e.g. the free name x in the above
definition of fact – the underlying model is not finite state.
The main contribution of this article is the answer to the

PROBLEM: is it decidable whether the computations
of a lam program will ever produce a circularity?

Such answer is immediate when the functions are not recur-
sive: it is sufficient to unfold the invocations in the term to
evaluate. The answer is also not tough when

(i) functions are linear, that is (mutual) recursions have at
most one recursive invocations – such as fact;

(ii) function invocations do not have duplicate arguments and
function definitions do not create new names.

When (i) and (ii) hold, for example in the program

f x, y, z x, y �f y, z, x , f u, v, w ,

recursive functions may be considered as permutations of
names – technically we define a notion of associated
(per)mutation – and the corresponding theory [1] guarantees

this

x

− highlight the owner of the method in the arguments (and remove integers)

− remove thread management
− remove (primitive) types and conditional and collect branches
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ANOTHER PARALLEL FACTORIAL

  synchronized int fact(final Maths x, final int n) { 
        if (n==0) return 1 ; 
        else {  
            final Maths w = this ; 
            Thread t = new Thread(new Runnable() { 
                public void run() { x.result = x.fact(w, n-1) ; 
                }   }) ; 
            t.start() ; 
            t.join() ;  
            return (n * x.result) ; 
        } 
    } 
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fact this , x this , x Nfact x, this

x mutation 2, 3, 1, 5, 6, 6, 8, 9

u1, u2, u3, u4, u5, u6, u7, u8 u2, u3, u1, u5, u6, u6, u8, v

u3, u1, u2, u6, u6, u6, v, w

u1, u2, u3, u6, u6, u6, w, x

u2, u3, u1, u6, u6, u6, x, y

u3, u1, u2, u6, u6, u6, y, z

u1, u2, u3, u6, u6, u6, z, z

f x, y faux x, y, x, y ,
faux x, y, x , y x, z N x , y Nfaux y, z, x , z ,
g x, y y, z Nf y, z ,
f x1, x2 ,

x, x x z x, x , x, z , z, z

, L , L , L , L L L

Let L L, called L is at a later stage than L, be the least relation such that

0 L L L

L L L L

L L

T1 T1 T2 T2

T1NT2 T1NT2

T1 T1 L1 L1

T1 + L1 T1 + L1

x, x x var L , L , L

, L , L

M x M1 x1 , , Mi xi Mi 1 xi 1 , , Mn x M y

f1 x1, x2 x1, x2 Nf1 x2, x3 + f2 x3 ,
f2 y y, z Nf2 z , L

2, 3 2 1, 3 2, 1

f x, y f x, z Nf y, x , L

2, 3, 1, 5, 6, 6, 8, 9

1

− derive the lam function 
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LAMS
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LAMS
• there are names ranged over by x, y, z, ...	


• there are function names ranged over by f,  g,  h, ...	



a program is a tuple 	



• where                         are function definitions and L is the main lam	



• lams  L   and        are defined by	



!

!

!

such that (i) all function names occurring in      and L are defined and (ii) the 
arities of function invocations match function definitions

• ⌥⇥ is the length of the longest bound sink. Therefore ⌥⇥ is the
smallest natural such that, for every b in a cycle or in a bound sink,
µ⇤0(b) belongs to a cycle. This implies that µ⇤0+⇤(b) = µ⇤0(b), for
every such b

• ⌥⇥⇥ is the length of the longest free sink. Hence, ⌥⇥⇥ is the
smallest value such that, for every b in a free sink, µ⇤00(b) is a fresh
name. In this case, by definition of mutation, b<µ⇤00(b).

Next, let k = max{⌥+ ⌥⇥, ⌥⇥⇥} and let
⇤

, (x1, · · · , xn)
⌅ µk��

�⌥
⇤ ⇥, (y1, · · · , yn)

⌅ µ�

�⌥
⇤ ⇥⇥, (z1, · · · , zn)

⌅
. It follows that ⇥ =

[z1  ⌥ y1, · · · , zn  ⌥ yn] is a ⇥⇥-flashback.
The value k is called order of the mutation µ and denoted oµ.

For example, in µ = 6, 3, 1, 8, 7, 1, 8 , we have A(i) = {2},
A(ii) = {4, 5}, ⌥ = 2, ⌥⇥ = max{m2} = max{2} = 2,
⌥⇥⇥ = max{m4,m5} = max{2, 2} = 2, and oµ = max{⌥ +
⌥⇥, ⌥⇥⇥} = 4. If we apply the mutation µ four times to the pair⇤

, (x1, x2, x3, x4, x5, x6, x7)
⌅

, where = {(xi, xi) | 1 ⇧ i ⇧
7} we obtain:

⇤
, (x1, x2, x3, x4, x5, x6, x7)

⌅
µ�⌥

⇤
1, (x6, x3, x1, y1, x7, x1, y1)

⌅
µ�⌥

⇤
2, (x1, x1, x6, y2, y1, x6, y2)

⌅
µ�⌥

⇤
3, (x6, x6, x1, y3, y2, x1, y3)

⌅
µ�⌥

⇤
4, (x1, x1, x6, y4, y3, x6, y4)

⌅
.

where 1 = ⇤ x1, x2, x3, x4, x5, x6, x7<y1 and, for i ⌃ 1,
i+1 = i⇤yi�1<yi. We notice that there is a 4-flashback ⇥ from

(x1, x1, x6, y4, y3, x6, y4) (produced by µ4) to (x1, x1, x6, y2, y1,
x6, y2) (produced by µ2).

3. The language for lams
In this section we study the models of our framework for the lock
analysis and their properties. Such models, called lams (an acronym
that shorten lock analysis models) are sets of terms, which in turn
are sets whose elements display pairs of names – the dependencies
between entities – and the method invocations.

Lams are defined by programs that use, in addition to the set
of names V of Section 2, a disjoint infinite set of method names,
ranged over M, M⇥, N, N⇥, · · · .

A program in the language of lams is a tuple
�
M1(⌃x1) =

L1, · · · , M⇤( ⇧x⇤) = L⇤, L
⇥

where Mi( ⇧xi) = Li are method definitions
and L is the main term. The syntax of terms T and lams Li and L is

T ::= 0 | (x, y)�T | M(⇧x)�T
L ::= 0 | T; L

such that

1. all method names occurring in Li and L are defined;
2. the arity of method invocations matches that of the correspond-

ing method definition.

In the syntax of T and L, the operations “�” and “; ” are associative,
commutative and idempotent with 0 being the identity. Therefore
we are entitled to use the set operations “�” and “\” for T and L.
For instance, we will write M(⇧u) � T and T \ {M(⇧u)}. We write
M(⇧u) � L when there is T � L such that M(⇧u) � T. Similarly for
(x, y) � L.

Let var(L) (resp. var(T)) be the set of names in L (resp. T). In
a method definition M(⇧x) = L, the occurrences of names x � ⇧x in
L are bound by the formal parameters. All the other names are free.

Lams are abstract descriptions of operational models of pro-
gramming languages. The terms T define abstract states of such

models, namely the set of dependencies between names, which rep-
resents resources, and the set of method invocations. The terms L
define collections of abstract states.

A main term L is evaluated by successively replacing method
invocations with the corresponding lams. Name creation is handled
with a mechanism similar to that of mutations. For example, if
M(x) = (x, y)�M(y) and M(u) occurs in the main term, then M(u) is
replaced by (u, v)�M(v), where v is a fresh maximal name in some
partial order.

Operational semantics. Let L = T1; · · · ; Tn. Then

T�L def
= T�T1; · · · ; T�Tn .

The operational semantics of a program
�
M1(⌃x1) = L1, · · · ,

M⇤( ⇧x⇤) = L⇤, L
⇥

is a transition system whose states are pairs
⇤

, L
⌅

and the transition relation is the least one satisfying the rule:

(RED)
M(⇧x) = L var(L) \ ⇧x = ⇧z ⇧w are fresh

L[ �w/�z][�u/�x] = L⇥

⇤
, L⇥⇥; T�M(⇧u)

⌅
�⌥

⇤
⇤ ⇧u< ⇧w, L⇥⇥; (T�L⇥)

⌅

According to (RED), a state
⇤

, L
⌅

is evaluated by taking a term
T�M(⇧u) and replacing it with T�L⇥, where L⇥ is the instance of
M’s body where formal parameters are replaced by ⇧u and unbound
names are replaced by fresh names that are maximal w.r.t. .

The initial state of a program with main term L is
⇤
{(x, x) | x �

var(L)}, L
⌅

.
We illustrate the semantics of the language of lams by dis-

cussing a couple of examples. Let
�
M(x, y, z) = (x, y)�N(y, z); (y, z) ,

N(u, v) = (u, v); (v, u) , M(x, y, z)
⇥
. Let also = {(x, x), (y, y), (z, z)}.

Then
⇤

, M(x, y, z)
⌅

�⌥
⇤

, (x, y)�N(y, z); (y, z)
⌅

�⌥
⇤

, (x, y)�(y, z); (x, y)�(z, y); (y, z)
⌅

The lam in the final state do not contain method invocations. This
property follows by the fact that the above program is not recursive.
Additionally, the above computation has never created names. This
follows by the fact that names in the bodies of M(x, y, z) and
N(u, v) are bound.

We discuss two programs whose evaluation is infinite and use
infinitely many names. The first one is

�
M⇥(x) = (x, y)�M⇥(y) , M⇥(x)

⇥

and let 0 = {(x0, x0)}. Then
⇤

0, M
⇥(x0)

⌅
�⌥

⇤
1, (x, x1)�M⇥(x1)

⌅
�⌥⇤

2, (x, x1)�(x1, x2)�M⇥(x2)
⌅
�⌥n

⇤
n+2, (x, x1)�(x1, x2)� · · · �(xn+1, xn+2)�M⇥(xn+2)

⌅

where i+1 = i ⇤ xi<xi+1. In this case, the lams of states have
a single T that grows in size as the computation progresses.

Next, take the program
�
N⇥(x) = (x, x⇥); (x, x⇥)�N⇥(x⇥) , N⇥(u0)

⇥

and let 0 = {(u0, u0)}. Then
⇤

0, N
⇥(u0)

⌅
�⌥

⇤
1, (u0, u1); (u0, u1)�N⇥(u1)

⌅
�⌥⇤

2, (u0, u1); (u0, u1)�(u1, u2); (u0, u1)�(u1, u2)�N⇥(u2)
⌅
�⌥n

⇤
n+2, (u0, u1); · · · ; ((u0, u1)� · · · �(xn+1, xn+2)�N⇥(xn+2)

⌅

That is, the above states grow in the number of terms T and the
length of lams �.

Definition 3.1. A term T has a lock if T = (x1, x2)�(x2, x3)� · · · �
(xm, x1)�T⇥, for some x1, · · · , xm (T contains a circular depen-
dency between names).

A lam T1; · · · ; Tn has a lock if there is a Ti that has a lock. A
state

⇤
, L

⌅
has a lock if L has a lock.
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⌥⇥⇥ = max{m4,m5} = max{2, 2} = 2, and oµ = max{⌥ +
⌥⇥, ⌥⇥⇥} = 4. If we apply the mutation µ four times to the pair⇤

, (x1, x2, x3, x4, x5, x6, x7)
⌅

, where = {(xi, xi) | 1 ⇧ i ⇧
7} we obtain:

⇤
, (x1, x2, x3, x4, x5, x6, x7)

⌅
µ�⌥

⇤
1, (x6, x3, x1, y1, x7, x1, y1)

⌅
µ�⌥

⇤
2, (x1, x1, x6, y2, y1, x6, y2)

⌅
µ�⌥

⇤
3, (x6, x6, x1, y3, y2, x1, y3)

⌅
µ�⌥

⇤
4, (x1, x1, x6, y4, y3, x6, y4)

⌅
.

where 1 = ⇤ x1, x2, x3, x4, x5, x6, x7<y1 and, for i ⌃ 1,
i+1 = i⇤yi�1<yi. We notice that there is a 4-flashback ⇥ from

(x1, x1, x6, y4, y3, x6, y4) (produced by µ4) to (x1, x1, x6, y2, y1,
x6, y2) (produced by µ2).

3. The language for lams
In this section we study the models of our framework for the lock
analysis and their properties. Such models, called lams (an acronym
that shorten lock analysis models) are sets of terms, which in turn
are sets whose elements display pairs of names – the dependencies
between entities – and the method invocations.

Lams are defined by programs that use, in addition to the set
of names V of Section 2, a disjoint infinite set of method names,
ranged over M, M⇥, N, N⇥, · · · .

A program in the language of lams is a tuple
�
M1(⌃x1) =

L1, · · · , M⇤( ⇧x⇤) = L⇤, L
⇥

where Mi( ⇧xi) = Li are method definitions
and L is the main term. The syntax of terms T and lams Li and L is

T ::= 0 | (x, y)�T | M(⇧x)�T
L ::= 0 | T; L

such that

1. all method names occurring in Li and L are defined;
2. the arity of method invocations matches that of the correspond-

ing method definition.

In the syntax of T and L, the operations “�” and “; ” are associative,
commutative and idempotent with 0 being the identity. Therefore
we are entitled to use the set operations “�” and “\” for T and L.
For instance, we will write M(⇧u) � T and T \ {M(⇧u)}. We write
M(⇧u) � L when there is T � L such that M(⇧u) � T. Similarly for
(x, y) � L.

Let var(L) (resp. var(T)) be the set of names in L (resp. T). In
a method definition M(⇧x) = L, the occurrences of names x � ⇧x in
L are bound by the formal parameters. All the other names are free.

Lams are abstract descriptions of operational models of pro-
gramming languages. The terms T define abstract states of such

models, namely the set of dependencies between names, which rep-
resents resources, and the set of method invocations. The terms L
define collections of abstract states.

A main term L is evaluated by successively replacing method
invocations with the corresponding lams. Name creation is handled
with a mechanism similar to that of mutations. For example, if
M(x) = (x, y)�M(y) and M(u) occurs in the main term, then M(u) is
replaced by (u, v)�M(v), where v is a fresh maximal name in some
partial order.

Operational semantics. Let L = T1; · · · ; Tn. Then

T�L def
= T�T1; · · · ; T�Tn .

The operational semantics of a program
�
M1(⌃x1) = L1, · · · ,

M⇤( ⇧x⇤) = L⇤, L
⇥

is a transition system whose states are pairs
⇤

, L
⌅

and the transition relation is the least one satisfying the rule:

(RED)
M(⇧x) = L var(L) \ ⇧x = ⇧z ⇧w are fresh

L[ �w/�z][�u/�x] = L⇥

⇤
, L⇥⇥; T�M(⇧u)

⌅
�⌥

⇤
⇤ ⇧u< ⇧w, L⇥⇥; (T�L⇥)

⌅

According to (RED), a state
⇤

, L
⌅

is evaluated by taking a term
T�M(⇧u) and replacing it with T�L⇥, where L⇥ is the instance of
M’s body where formal parameters are replaced by ⇧u and unbound
names are replaced by fresh names that are maximal w.r.t. .

The initial state of a program with main term L is
⇤
{(x, x) | x �

var(L)}, L
⌅

.
We illustrate the semantics of the language of lams by dis-

cussing a couple of examples. Let
�
M(x, y, z) = (x, y)�N(y, z); (y, z) ,

N(u, v) = (u, v); (v, u) , M(x, y, z)
⇥
. Let also = {(x, x), (y, y), (z, z)}.

Then
⇤

, M(x, y, z)
⌅

�⌥
⇤

, (x, y)�N(y, z); (y, z)
⌅

�⌥
⇤

, (x, y)�(y, z); (x, y)�(z, y); (y, z)
⌅

The lam in the final state do not contain method invocations. This
property follows by the fact that the above program is not recursive.
Additionally, the above computation has never created names. This
follows by the fact that names in the bodies of M(x, y, z) and
N(u, v) are bound.

We discuss two programs whose evaluation is infinite and use
infinitely many names. The first one is

�
M⇥(x) = (x, y)�M⇥(y) , M⇥(x)

⇥

and let 0 = {(x0, x0)}. Then
⇤

0, M
⇥(x0)

⌅
�⌥

⇤
1, (x, x1)�M⇥(x1)

⌅
�⌥⇤

2, (x, x1)�(x1, x2)�M⇥(x2)
⌅
�⌥n

⇤
n+2, (x, x1)�(x1, x2)� · · · �(xn+1, xn+2)�M⇥(xn+2)

⌅

where i+1 = i ⇤ xi<xi+1. In this case, the lams of states have
a single T that grows in size as the computation progresses.

Next, take the program
�
N⇥(x) = (x, x⇥); (x, x⇥)�N⇥(x⇥) , N⇥(u0)

⇥

and let 0 = {(u0, u0)}. Then
⇤

0, N
⇥(u0)

⌅
�⌥

⇤
1, (u0, u1); (u0, u1)�N⇥(u1)

⌅
�⌥⇤

2, (u0, u1); (u0, u1)�(u1, u2); (u0, u1)�(u1, u2)�N⇥(u2)
⌅
�⌥n

⇤
n+2, (u0, u1); · · · ; ((u0, u1)� · · · �(xn+1, xn+2)�N⇥(xn+2)

⌅

That is, the above states grow in the number of terms T and the
length of lams �.

Definition 3.1. A term T has a lock if T = (x1, x2)�(x2, x3)� · · · �
(xm, x1)�T⇥, for some x1, · · · , xm (T contains a circular depen-
dency between names).

A lam T1; · · · ; Tn has a lock if there is a Ti that has a lock. A
state

⇤
, L

⌅
has a lock if L has a lock.
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µ�

, z1, , zn and ⇥ z1, , zn y1, , yn ,
where ⇥ z1 y1, , zn yn is a -flashback. If

⇧ ⇧ ⇧ then , x1, , xn
µ� �

, y1, , yn
µ�

, z1, , zn and ⇥ z1, , zn y1, , yn ,
where ⇥ z1 y1, , zn yn is a -flashback.

For example, µ 6, 3, 1, 8, 7, 1, 8 , has a cycle 1, 6 ,
bound sink 2, 3 1 and free sinks 4 8 and 5, 7 8. Therefore
⇧ 2, ⇧ 2 and ⇧ 2. In this case, the values
k and h of Theorem II.6 are 4 and 2, respectively. In
fact, if we apply the mutation µ four times to the pair

, x1, x2, x3, x4, x5, x6, x7 , where xi, xi 1 i
7 we obtain:

, x1, x2, x3, x4, x5, x6, x7
µ

1, x6, x3, x1, y1, x7, x1, y1
µ

2, x1, x1, x6, y2, y1, x6, y2
µ

3, x6, x6, x1, y3, y2, x1, y3
µ

4, x1, x1, x6, y4, y3, x6, y4 .

where 1 x1, x2, x3, x4, x5, x6, x7 y1 and, for i
1, i 1 i yi 1 yi. We notice that there is a 4-
flashback ⇥ from x1, x1, x6, y4, y3, x6, y4 (produced by µ4)
to x1, x1, x6, y2, y1, x6, y2 (produced by µ2).

III. THE LANGUAGE OF LAMS

Lams, are terms that record relations on names, which
define the sets of dependencies between resources. Lams are
defined by programs that use, in addition to the set of names
V of Section II, a disjoint infinite set of function names,
ranged over f, f , g, g , . A lam program is a tuple
f1 x1 L1, , f⇤ x⇤ L⇤, L where fi xi Li are

function definitions and L is the main lam. The syntax of Li
and L is

L :: 0 x, y f x L�L L + L

Whenever parentheses are omitted, the operation “�” has
precedence over “ + ”. We will shorten L1� �Ln into
�i 1..nLi. Moreover, we use T to range over lams that do
not contain function invocations.

Let var L be the set of names in L. In a function definition
f x L, x are the formal parameters and the occurrences of
names x x in L are bound; the names var L x are free.

In the syntax of L, the operations “�” and “ + ” are asso-
ciative, commutative with 0 being the identity. Additionally
the following axioms hold (with T not containing function
invocations):

T�T T T + T T T� L + L T�L + T�L

and, in the rest of the paper, we will never distinguish equal
lams. For instance, f u + x, y and x, y + f u will be
always identified. These axioms permit to rewrite a lam
without function invocations as a collection (operation + ) of
relations (elements of a relation are gathered by the operation
�).

Proposition III.1. For every T, there exist T1, , Tn that are
dependencies composed with �, such that T T1 + + Tn.

Remark III.2. Lams are intended to be abstract models
of programs that highlight the resource dependencies in
the reachable states. The lam T1 + + Tn of Proposi-
tion III.1 models a program whose possibly infinite set of
states S1, S2, is such that the resource dependencies in
Si are a subset of those in some Tji , with 1 ji n. With
this meaning, generic lams L1 + + Lm are abstractions
of transition systems (a standard model of programming
languages), where transitions are ignored and states record
the resource dependencies and the function invocations.

Remark III.3. The above axioms, such as

T� L + L T�L + T�L

are restricted to terms T that do not contain
function invocations. In fact, f u � x, y + y, z
f u � x, y + f u � y, z because the two terms have a

different number of occurrences of invocations of f, and this
is crucial for linearity – see Definition IV.1.

In the paper, we always assume lam programs f1 x1

L1, , f⇤ x⇤ L⇤, L to be well-defined, namely (1) all
function names occurring in Li and L are defined; (2) the
arity of function invocations matches that of the corresponding
function definition.

Operational semantics. Let a lam context, noted L , be a
term derived by the following syntax:

L :: L�L L + L

As usual L L is the lam where the hole of L is replaced by
L. The operational semantics of a program f1 x1 L1, ,
f⇤ x⇤ L⇤, L⇤ 1 is a transition system whose states are pairs

, L and the transition relation is the least one satisfying
the rule:

(RED)

f x L var L x z w are fresh
L w

z
u

x L

, L f u u w, L L

By (RED), a lam L is evaluated by successively replacing
function invocations with the corresponding lam instances.
Name creation is handled with a mechanism similar to that
of mutations. For example, if f x x, y �f y and f u
occurs in the main lam, then f u is replaced by u, v �f v ,
where v is a fresh maximal name in some partial order.

The initial state of a program with main lam L is L, L ,
where L

def
x, x x var L .

To illustrate the semantics of the language of lams we
discuss three examples:

1) f x, y, z x, y �g y, z + y, z , g u, v
u, v + v, u , f x, y, z and x, x , y, y , z, z .

Then

, f x, y, z , x, y �g y, z + y, z
, x, y � y, z + x, y � z, y + y, z

The lam in the final state does not contain function
invocations. This is because the above program is not
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fact this , x this , x Nfact x, this

fi xi Li

x mutation 2, 3, 1, 5, 6, 6, 8, 9

u1, u2, u3, u4, u5, u6, u7, u8 u2, u3, u1, u5, u6, u6, u8, v

u3, u1, u2, u6, u6, u6, v, w

u1, u2, u3, u6, u6, u6, w, x

u2, u3, u1, u6, u6, u6, x, y

u3, u1, u2, u6, u6, u6, y, z

u1, u2, u3, u6, u6, u6, z, z

f x, y faux x, y, x, y ,
faux x, y, x , y x, z N x , y Nfaux y, z, x , z ,
g x, y y, z Nf y, z ,
f x1, x2 ,

x, x x z x, x , x, z , z, z

, L , L , L , L L L

Let L L, called L is at a later stage than L, be the least relation such that

0 L L L

L L L L

L L

T1 T1 T2 T2

T1NT2 T1NT2

T1 T1 L1 L1

T1 + L1 T1 + L1

x, x x var L , L , L

, L , L

M x M1 x1 , , Mi xi Mi 1 xi 1 , , Mn x M y

f1 x1, x2 x1, x2 Nf1 x2, x3 + f2 x3 ,
f2 y y, z Nf2 z , L

2, 3 2 1, 3 2, 1

f x, y f x, z Nf y, x , L

1

µ�

, z1, , zn and ⇥ z1, , zn y1, , yn ,
where ⇥ z1 y1, , zn yn is a -flashback. If

⇧ ⇧ ⇧ then , x1, , xn
µ� �

, y1, , yn
µ�

, z1, , zn and ⇥ z1, , zn y1, , yn ,
where ⇥ z1 y1, , zn yn is a -flashback.

For example, µ 6, 3, 1, 8, 7, 1, 8 , has a cycle 1, 6 ,
bound sink 2, 3 1 and free sinks 4 8 and 5, 7 8. Therefore
⇧ 2, ⇧ 2 and ⇧ 2. In this case, the values
k and h of Theorem II.6 are 4 and 2, respectively. In
fact, if we apply the mutation µ four times to the pair

, x1, x2, x3, x4, x5, x6, x7 , where xi, xi 1 i
7 we obtain:

, x1, x2, x3, x4, x5, x6, x7
µ

1, x6, x3, x1, y1, x7, x1, y1
µ

2, x1, x1, x6, y2, y1, x6, y2
µ

3, x6, x6, x1, y3, y2, x1, y3
µ

4, x1, x1, x6, y4, y3, x6, y4 .

where 1 x1, x2, x3, x4, x5, x6, x7 y1 and, for i
1, i 1 i yi 1 yi. We notice that there is a 4-
flashback ⇥ from x1, x1, x6, y4, y3, x6, y4 (produced by µ4)
to x1, x1, x6, y2, y1, x6, y2 (produced by µ2).

III. THE LANGUAGE OF LAMS

Lams, are terms that record relations on names, which
define the sets of dependencies between resources. Lams are
defined by programs that use, in addition to the set of names
V of Section II, a disjoint infinite set of function names,
ranged over f, f , g, g , . A lam program is a tuple
f1 x1 L1, , f⇤ x⇤ L⇤, L where fi xi Li are

function definitions and L is the main lam. The syntax of Li
and L is

L :: 0 x, y f x L�L L + L

Whenever parentheses are omitted, the operation “�” has
precedence over “ + ”. We will shorten L1� �Ln into
�i 1..nLi. Moreover, we use T to range over lams that do
not contain function invocations.

Let var L be the set of names in L. In a function definition
f x L, x are the formal parameters and the occurrences of
names x x in L are bound; the names var L x are free.

In the syntax of L, the operations “�” and “ + ” are asso-
ciative, commutative with 0 being the identity. Additionally
the following axioms hold (with T not containing function
invocations):

T�T T T + T T T� L + L T�L + T�L

and, in the rest of the paper, we will never distinguish equal
lams. For instance, f u + x, y and x, y + f u will be
always identified. These axioms permit to rewrite a lam
without function invocations as a collection (operation + ) of
relations (elements of a relation are gathered by the operation
�).

Proposition III.1. For every T, there exist T1, , Tn that are
dependencies composed with �, such that T T1 + + Tn.

Remark III.2. Lams are intended to be abstract models
of programs that highlight the resource dependencies in
the reachable states. The lam T1 + + Tn of Proposi-
tion III.1 models a program whose possibly infinite set of
states S1, S2, is such that the resource dependencies in
Si are a subset of those in some Tji , with 1 ji n. With
this meaning, generic lams L1 + + Lm are abstractions
of transition systems (a standard model of programming
languages), where transitions are ignored and states record
the resource dependencies and the function invocations.

Remark III.3. The above axioms, such as

T� L + L T�L + T�L

are restricted to terms T that do not contain
function invocations. In fact, f u � x, y + y, z
f u � x, y + f u � y, z because the two terms have a

different number of occurrences of invocations of f, and this
is crucial for linearity – see Definition IV.1.

In the paper, we always assume lam programs f1 x1

L1, , f⇤ x⇤ L⇤, L to be well-defined, namely (1) all
function names occurring in Li and L are defined; (2) the
arity of function invocations matches that of the corresponding
function definition.

Operational semantics. Let a lam context, noted L , be a
term derived by the following syntax:

L :: L�L L + L

As usual L L is the lam where the hole of L is replaced by
L. The operational semantics of a program f1 x1 L1, ,
f⇤ x⇤ L⇤, L⇤ 1 is a transition system whose states are pairs

, L and the transition relation is the least one satisfying
the rule:

(RED)

f x L var L x z w are fresh
L w

z
u

x L

, L f u u w, L L

By (RED), a lam L is evaluated by successively replacing
function invocations with the corresponding lam instances.
Name creation is handled with a mechanism similar to that
of mutations. For example, if f x x, y �f y and f u
occurs in the main lam, then f u is replaced by u, v �f v ,
where v is a fresh maximal name in some partial order.

The initial state of a program with main lam L is L, L ,
where L

def
x, x x var L .

To illustrate the semantics of the language of lams we
discuss three examples:

1) f x, y, z x, y �g y, z + y, z , g u, v
u, v + v, u , f x, y, z and x, x , y, y , z, z .

Then

, f x, y, z , x, y �g y, z + y, z
, x, y � y, z + x, y � z, y + y, z

The lam in the final state does not contain function
invocations. This is because the above program is not
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this lam defines the relation                                       	



• interpret & as “,”    and omit “{“ and  “}”  	



which has a circular dependency
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fact this , x this , x Nfact x, this

fi xi Li

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

1

fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

1

fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

1
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fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

g x, y, z x, y + g y, z, x , g u, v, w

g u, v, w u, v + g v, w, u
u, v + v, w + g w, u, v
u, v + v, w + w, u + g u, v, w 1
u, v + v, w + w, u + g v, w, u
u, v + v, w + w, u + g w, u, v
1

1

fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

g x, y, z x, y + g y, z, x , g u, v, w

g u, v, w u, v + g v, w, u
u, v + v, w + g w, u, v
u, v + v, w + w, u + g u, v, w 1
u, v + v, w + w, u + g v, w, u
u, v + v, w + w, u + g w, u, v
1

1

fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

g x, y, z x, y + g y, z, x , g u, v, w
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u, v + v, w + g w, u, v
u, v + v, w + w, u + g u, v, w 1
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u, v + v, w + w, u + g w, u, v
1

1

fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

g x, y, z x, y + g y, z, x , g u, v, w

g u, v, w u, v + g v, w, u
u, v + v, w + g w, u, v
u, v + v, w + w, u + g u, v, w 1
u, v + v, w + w, u + g v, w, u
u, v + v, w + w, u + g w, u, v
1

1

fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

g x, y, z x, y + g y, z, x , g u, v, w

g u, v, w u, v + g v, w, u
u, v + v, w + g w, u, v
u, v + v, w + w, u + g u, v, w 1
u, v + v, w + w, u + g v, w, u
u, v + v, w + w, u + g w, u, v
1

1
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3. lams may define relations that are not finite (use name creation):                                                                                 	


the lam                                                                              evaluates	


!

!

!

!

!

free names in method definitions are instantiated by run-time fresh names 
!

this lam defines the relation                                       	


• is it possible to predict that no circular dependency will be manifested?	



!

LAMS: EXAMPLES
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!

!

fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

g x, y, z x, y + g y, z, x , g u, v, w

g u, v, w u, v + g v, w, u
u, v + v, w + g w, u, v
u, v + v, w + w, u + g u, v, w 1
u, v + v, w + w, u + g v, w, u
u, v + v, w + w, u + g w, u, v
1

fact x x, y Nfact y , fact this

fact this this , u Nfact u
this , u N u, v Nfact v
this , u N u, v N v, w Nfact w

1

fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

g x, y, z x, y + g y, z, x , g u, v, w

g u, v, w u, v + g v, w, u
u, v + v, w + g w, u, v
u, v + v, w + w, u + g u, v, w 1
u, v + v, w + w, u + g v, w, u
u, v + v, w + w, u + g w, u, v
1

fact x x, y Nfact y , fact this

fact this this , u Nfact u
this , u N u, v Nfact v
this , u N u, v N v, w Nfact w

1

fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

g x, y, z x, y + g y, z, x , g u, v, w

g u, v, w u, v + g v, w, u
u, v + v, w + g w, u, v
u, v + v, w + w, u + g u, v, w 1
u, v + v, w + w, u + g v, w, u
u, v + v, w + w, u + g w, u, v
1

fact x x, y Nfact y , fact this

fact this this , u Nfact u
this , u N u, v Nfact v
this , u N u, v N v, w Nfact w

this , u N u, v N v, w N

1
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4. lams may define infinitely many different relations:                                                                                 	


the lam                                                                                    evaluates	


!

!

!

!

!

this lam defines the relations              and                             and  	


                                          and   . . .	


                                                                  	



• is it possible to predict that no circular dependency will be manifested 
in any relation?	
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fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

g x, y, z x, y + g y, z, x , g u, v, w

g u, v, w u, v + g v, w, u
u, v + v, w + g w, u, v
u, v + v, w + w, u + g u, v, w 1
u, v + v, w + w, u + g v, w, u
u, v + v, w + w, u + g w, u, v
1

fact x x, y Nfact y , fact this

fact this this , u Nfact u
this , u N u, v Nfact v
this , u N u, v N v, w Nfact w

this , u N u, v N v, w N
l x, y x, y + x, y Nl y, z , l u, v

l u, v u, v + u, v Nl v, w
u, v + u, v N v, w + u, v N v, w Nl w,w

1

fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

g x, y, z x, y + g y, z, x , g u, v, w

g u, v, w u, v + g v, w, u
u, v + v, w + g w, u, v
u, v + v, w + w, u + g u, v, w 1
u, v + v, w + w, u + g v, w, u
u, v + v, w + w, u + g w, u, v
1

fact x x, y Nfact y , fact this

fact this this , u Nfact u
this , u N u, v Nfact v
this , u N u, v N v, w Nfact w

this , u N u, v N v, w N
l x, y x, y + x, y Nl y, z , l u, v

l u, v u, v + u, v Nl v, w
u, v + u, v N v, w + u, v N v, w Nl w,w

1

fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

g x, y, z x, y + g y, z, x , g u, v, w

g u, v, w u, v + g v, w, u
u, v + v, w + g w, u, v
u, v + v, w + w, u + g u, v, w 1
u, v + v, w + w, u + g v, w, u
u, v + v, w + w, u + g w, u, v
1

fact x x, y Nfact y , fact this

fact this this , u Nfact u
this , u N u, v Nfact v
this , u N u, v N v, w Nfact w

this , u N u, v N v, w N
l x, y x, y + x, y Nl y, z , l u, v

l u, v u, v + u, v Nl v, w
u, v + u, v N v, w + u, v N v, w Nl w,w

1

fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

g x, y, z x, y + g y, z, x , g u, v, w

g u, v, w u, v + g v, w, u
u, v + v, w + g w, u, v
u, v + v, w + w, u + g u, v, w 1
u, v + v, w + w, u + g v, w, u
u, v + v, w + w, u + g w, u, v
1

fact x x, y Nfact y , fact this

fact this this , u Nfact u
this , u N u, v Nfact v
this , u N u, v N v, w Nfact w

this , u N u, v N v, w N
l x, y x, y + x, y Nl y, z , l u, v

l u, v u, v + u, v Nl v, w
u, v + u, v N v, w + u, v N v, w Nl w,w

1

fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

g x, y, z x, y + g y, z, x , g u, v, w

g u, v, w u, v + g v, w, u
u, v + v, w + g w, u, v
u, v + v, w + w, u + g u, v, w 1
u, v + v, w + w, u + g v, w, u
u, v + v, w + w, u + g w, u, v
1

fact x x, y Nfact y , fact this

fact this this , u Nfact u
this , u N u, v Nfact v
this , u N u, v N v, w Nfact w

this , u N u, v N v, w N
l x, y x, y + x, y Nl y, z , l u, v

l u, v u, v + u, v Nl v, w
u, v + u, v N v, w + u, v N v, w Nl w,w

1

fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

g x, y, z x, y + g y, z, x , g u, v, w

g u, v, w u, v + g v, w, u
u, v + v, w + g w, u, v
u, v + v, w + w, u + g u, v, w 1
u, v + v, w + w, u + g v, w, u
u, v + v, w + w, u + g w, u, v
1

fact x x, y Nfact y , fact this

fact this this , u Nfact u
this , u N u, v Nfact v
this , u N u, v N v, w Nfact w

this , u N u, v N v, w N
l x, y x, y + x, y Nl y, z , l u, v

l u, v u, v + u, v Nl v, w
u, v + u, v N v, w + u, v N v, w Nl w,w

1
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5. lams may be complex due to mutual recursion:                                                                              	


the flh-program	



!

!

!

!

!

!

!

                                	


                                     [in this talk we keep programs as simple as possible]	
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For example addh fl, x4, x2 �f x2, x3, x4, x5
fl x4, x2 � flf x2, x3, x4, x5 . The informative transition
relation is the least one such that

(RED+)

f x L var L x z w are fresh
L w

z
u

x L

, h , hL �f u
u w, h �f u , hL addh �f, L

where hL is a lam context with histories (dependency
pairs and function invocations are labelled by histories). When

, h , , h , by applying (RED+) to �f u ,
we say that the term �f u is evaluated in the reduction.
The initial informative state of a program with main lam L
is L, ?, addh ⇥, L .

For example, the flh-program

f x, y, z, u x, z �l u, y, z ,
l x, y, z x, y �f y, z, x, u ,
h x, y, z, u z, x �h x, y, z, u �f x, y, z, u ,
h x1, x2, x3, x4

has an (informative) evaluation

L, ?, ⇥h x1, x2, x3, x4

L, h , � hf x1, x2, x3, x4

L, h
1, � hf x1, x3 � hfl x4, x2, x3

L x4 x5, h
2, � hfl x4, x2 � hflf x2, x3, x4, x5

where h x3, x1 �hh x1, x2, x3, x4 , �hf x1, x3

and h ⇥h x1, x2, x3, x4 , h
1

h

hf x1, x2, x3, x4 , h
2

h
1

hfl x4, x2, x3 .
The non-informative and informative semantics of a pro-

gram are in strict relation and this correspondence is crucial
for the correctness of our algorithm in Section IV. To formalize
the correspondence, we use an eraser map that takes
an informative lam and removes the histories. The formal
definition is omitted because it is straightforward.

Proposition III.5. 1) If , h , , h , then
, , ;

2) If , , L then there are h , h , such
that L and , h , , h , .

Circularities. Lams record sets of relations on names. To
make explicit the relations defined by a lam, we use a function

, called flattening, which is inductively defined as follows

0 0, x, y x, y , f x 0,
L�L L � L , L + L L + L .

For example

L f x, y, z + x, y �g y, z �f u, y, z
+ g u, v � u, v + v, u

L x, y + u, v + v, u

that is, there are three relations in L: x, y and u, v
and v, u . By Proposition III.1, L returns, up-to the lam
axioms, sequences of (pairwise different) �-compositions of
dependencies.

The operation may be extended to informative lams
in the obvious way:

h x, y x, y , hf x 0.

Definition III.6. A lam L has a circularity if

L x1, x2 � x2, x3 � � xm, x1 �T + T

for some x1, , xm. A state , L has a circularity if L
has a circularity. Similarly for an informative lam .

The final state of the above computation of the fgh-program
has a circularity; other functions displaying circularities are f
and g in Section I. None of the states in the examples 1, 2, 3
at the beginning of this section has a circularity.

IV. SATURATED STATES

The main contribution of this article, namely the decidability
of the circularity-freeness problem in linear lam programs,
is demonstrated in this section. We restrict our arguments to
(mutually) recursive lam programs. In fact, circularity analysis
in non-recursive programs is trivial: it is sufficient to evaluate
all the invocations till the final state and verify the presence
of circularities therein. A further restriction allows us to
simplify the arguments without loosing in generality (cf. the
definition of saturation): we assume that every function is
(mutually) recursive. We may reduce to this case by expanding
function invocation of non-(mutually) recursive functions (and
removing their definitions).

Linearity and mutations. Our decision algorithm relies on
interpreting recursive functions as mutations. This interpreta-
tion is not always possible: the recursive functions that have
an associated mutation are the linear ones, as defined below.
The algorithm for the general case is discussed in Section VI.

Definition IV.1. Let f1 x1 L1, , f⇤ x⇤ L⇤, L be a
lam program. A sequence fi0fi1 fik is called a recursive
history of fi0 if (a) the function names are pairwise different
and (b) for every 0 j k, Lij contains one invocation of
fij 1%k

(the operation % is the remainder of the division).
The lam program is linear if (a) every function name has a

unique recursive history and (b) if fi0fi1 fik is a recursive
history then, for every 0 j k, Lij contains exactly one
invocation of fij 1%k

.

For example, the program

f1 x, y x, y �f1 y, z �f2 y + f2 z ,
f2 y y, z �f2 z ,
L

is linear. On the contrary

f x x, y �g x , g x x, y �f x + g y , L

is not linear because g has two recursive histories, namely g
and gf. The fibonacci program

fib x x, y � x, z �fib y �fib z , fib x

is not linear because, while fib has a unique recursive
history, namely fib, the body of fib contains two recursive
invocations.

8
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MUTATIONS AND FLASHBACKS
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is it decidable whether the computations of a lam 	


program will ever produce a circular dependency?	



THE PROBLEM

19
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A SIMPLE ANSWER

20

simple cases:	


i)  functions are linear	



(mutual) recursions have at most one recursive invocation -- such as fact	



ii) function invocations do not have duplicate arguments and function 	


 definitions do not create new names

solution: 	


the function definition may be represented by a permutation; then evaluate up-
to the order of the permutation	



example: 	



fact this , x this , x Nfact x, this

fi xi Li

f x, y, z x, y Nf y, z, x , f u, v, w

f u, v, w u, v Nf v, w, u
u, v N v, w Nf w, u, v
u, v N v, w N w, u Nf u, v, w 1
u, v N v, w N w, u Nf v, w, u
u, v N v, w N w, u Nf w, u, v
1

1

• the permutation has order 3 	


• the different invocations of  f  are collected in 3 steps 
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  example:                                     	


!

!

!

!

x mutation 2, 3, 1, 5, 6, 7, 8, 9

k u1, u2, u3, u4, u5, u6, u7, u8 u1, u6 N u8, u3 Nk u2, u3, u1, u5, u6, u6, u8, v

k u1, u2, u3, u4, u5, u6, u6, u8 u1, u6 N u8, u3 Nk u2, u3, u1, u5, u6, u6, u8, v

u1, u6 N u8, u3 N u2, u7 N v, u2 N
Nk u3, u1, u2, u6, u6, u6, v, w

u1, u6 N u8, u3 N u2, u7 N v, u2 N u3, u8 N w, u2

Nk u1, u2, u3, u6, u6, u6, w, x

f x, y faux x, y, x, y ,
faux x, y, x , y x, z N x , y Nfaux y, z, x , z ,
g x, y y, z Nf y, z ,
f x1, x2 ,

x, x x z x, x , x, z , z, z

, L , L , L , L L L

Let L L, called L is at a later stage than L, be the least relation such that

0 L L L

L L L L

L L

T1 T1 T2 T2

T1NT2 T1NT2

T1 T1 L1 L1

T1 + L1 T1 + L1

x, x x var L , L , L

, L , L

M x M1 x1 , , Mi xi Mi 1 xi 1 , , Mn x M y

f1 x1, x2 x1, x2 Nf1 x2, x3 + f2 x3 ,
f2 y y, z Nf2 z , L

2, 3 2 1, 3 2, 1

f x, y f x, z Nf y, x , L

2, 3, 1, 5, 6, 6, 8, 9

� � x , x

� z1, , zn y1, , yn

2

drop the constraint	


ii)  function invocations do not have duplicate arguments and function 	



 definitions do not create new names	



LINEAR LAMS AND MUTATIONS

21

standard cycle

bound sink

free sink

it is represented by a mutation
k  cannot be represented by a permutation
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• let       be a partial order on names.   Write	


-             if there is a pair in      with the name 	



-               , with            and           , for the least partial order 
containing       and such that             in       implies                                                                                                  	



           (     is  greater than every name in      greater than     ) 	


!

LAM SEMANTICS: THE PO 

22

 EXAMPLES:   -   	



- let                                   (reflexive pairs are missing) then	


                                   	


            	



•  generalise the notion to                ,   with

when lams are associated to programs. If a program performs an
evaluation step and the corresponding lams are in the later-stage
relation then the algorithm for the absence of locks may be safely
applied to the lam of the initial program.

The algorithm for the absence of locks has been developed
for so-called linear lams, where every method defines a unique
mutation. The general case, for example when in the body of a
method there are two different recursive invocations, is managed
by transforming the nonlinear lam to a linear one (and introducing
inaccuracies = name dependencies).

This contribution also discusses the application of our theory
to a toy programming language, called aJ. In order to use our
deadlock and livelock static analyzer for this languages,

1. we define an association programs/lams by means of a sort of
type system – a contract system,

2. we demonstrate a subject reduction theorem where the lams of
the initial program and the reduced one are in the later-stage
relation.

The extensions to relevant features of programming languages has
been also discussed.

We are currently experiencing our technique in the HATS Euro-
pean project (www.hats-project.eu/) on large programs (more
than 5000 lines of code, with additional annotations for instructing
the contract inference system; these annotations have been written
in few hours – less than half a day). Programs are written in the
ABS language [11] (of which aJ is a subset). Actually, this research
about lock analysis has been triggered by discussions we had with
project members during HATS meetings.

1.1 Related works
Static Deadlock Analysis. Type-based deadlock analysis has
been extensively studied. Several proposals concern process cal-
culi [12, 19–21], but there is some contribution also addressing
deadlocks in object-oriented programs [1, 2, 7]. In all these papers,
a type system is resposnible of computing a partial order of the
locks in a program and a subject reduction theorem demonstrates
that tasks follow this order. On the contrary, our technique does
not computes any ordering of locks, thus being more flexible: a
computation may acquire two locks in different order at different
stages, thus being correct in our case, but incorrect with the other
techniques. A further difference with the above works is that we
use contracts that are terms in simple (= with finite states) pro-
cess algebras [13]. The use of simple process algebras to describe
(communication or synchronization) protocols is not new. This is
the case of the exchange patterns in SSDL [18], which are based on
CSP [3] and the pi-calculus [16], or of the behavioral types in [17]
and [5], which use CCS [15].

Our work is related also to other static approaches, not based
on types. In [4, 14] circular dependencies among processes are de-
tected as erroneous configurations, but dynamic creation of names
is not treated.

Languages and Contracts. Our aJ calculus is inspired to the lan-
guage Creol [10], which has additional scheduling primitives and
operations for field update. Contracts similar to the one used in this
paper have been already studied in [8] for a language in the family
of Creol [11] with the same purpose of checking deadlocks. Apart
this source of inspiration, aJ is mostly the extension of Feather-
weight Java [9] with futures and the get operation as described
in [22]. We refer to these papers for additional pointers to the liter-
ature.

Models. The model used in [8] is based on standard fixpoint
technique, by resorting to finite approximants to deal with infinite
generation of new names. In this work we overcome this limitation

by recognizing patterns of recursive behaviour, so that we can
reduce the analysis to a finite portion of computation, being sure
that what follows will be of the same form, or, in particular, will
exibit the same locks.

1.2 Organization of the paper
The paper is organized as follows. Section 2 elaborates the theory
of mutations and flashbacks. Section 3 defines our model, the
language of lams and the later-stage relation. Section 4 develops
our lock analysis algorithm. Section 5 and Section 6 illustrate the
application of the lam model to programming languages. We give
conclusions and indications of further work in Section 7.

2. Preliminaries: mutations and flashbacks
Natural numbers are ranged over by a, b, i, j, m, n, . . . , possibly
indexed.

Let V be an infinite set of names, ranged over by x, y, z, · · · . We
will use partial order relations on finite sets of names – relations
that are reflexive, antisymmetric, and transitive –, ranged over by
, ⇥, · · · . We write x � if contains a pair with x as component.

For notational convenience, we write ⇤x when we refer to a list of
names x1, . . . , xn.

Let ⌅ ⇤x<⇤z, with names in ⇤z not in , be the least partial order
⇥ that satisfies the following rules

 {(x, x) | x � ⇤x} ⇧ ⇥
x � ⇤x (x, y) � z � ⇤z

(y, z) � ⇥

That is, ⇤z become maximal names of ⌅ ⇤x<⇤z. For example,

– �⌅ x<z = {(x, x), (x, z), (z, z)};
– if = {(x, y), (x⇥, y⇥)} (the reflexive pairs are missing) then

⌅y<z is the reflexive and transitive closure of {(x, y), (x⇥, y⇥),
(y, z)};

– if = {(x, y), (x, y⇥)} (the reflexive pairs are missing) then
⌅y<z is the reflexive and transitive closure of {(x, y), (x, y⇥),

(y, z), (y⇥, z)}.

With an abuse of notation, if (x, y) � , we will write x ⌃ y �
(when the partial order is omitted, it is clear from the context). We
write x < y � if (x, y) � and (y, x) /� .

We define tranformations (called mutations) on pairs
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, (x1, · · · , xn)
⇥

,
where (x1, · · · , xn) is a n-uple of names and a is a partial order.

Definition 2.1. A mutation of a n-uple of names, denoted a1, · · · , an
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as follows. Let {b1, · · · , bk} =
{a1, · · · , an} \ {1, 2, · · · , n} and let zb1 , · · · , zbk be k pair-
wise different fresh names. [That is names not occurring either
in x1, · · · , xn or in .] Then

– if 1 ⌃ ai ⌃ n then x⇥
i = xai ;

– if ai > n then x⇥
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– ⇥ = ⌅ x1, · · · , xn<zi1 , · · · , zik .
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and the la-
bel a1, · · · , an is omitted when the mutation is clear from the
context.

Given a mutation µ = a1, · · · , an , we define the application
of µ to an index i, 1 ⌃ i ⌃ n, as µ(i) = ai.

A mutation a1, · · · , an where the naturals are pairwise dif-
ferent and 1 ⌃ ai ⌃ n, for each ai, (e.g. 2, 3, 5, 4, 1 ) is a per-
mutation. In this case the partial order never changes. In fact, our
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when lams are associated to programs. If a program performs an
evaluation step and the corresponding lams are in the later-stage
relation then the algorithm for the absence of locks may be safely
applied to the lam of the initial program.

The algorithm for the absence of locks has been developed
for so-called linear lams, where every method defines a unique
mutation. The general case, for example when in the body of a
method there are two different recursive invocations, is managed
by transforming the nonlinear lam to a linear one (and introducing
inaccuracies = name dependencies).

This contribution also discusses the application of our theory
to a toy programming language, called aJ. In order to use our
deadlock and livelock static analyzer for this languages,

1. we define an association programs/lams by means of a sort of
type system – a contract system,

2. we demonstrate a subject reduction theorem where the lams of
the initial program and the reduced one are in the later-stage
relation.

The extensions to relevant features of programming languages has
been also discussed.

We are currently experiencing our technique in the HATS Euro-
pean project (www.hats-project.eu/) on large programs (more
than 5000 lines of code, with additional annotations for instructing
the contract inference system; these annotations have been written
in few hours – less than half a day). Programs are written in the
ABS language [11] (of which aJ is a subset). Actually, this research
about lock analysis has been triggered by discussions we had with
project members during HATS meetings.

1.1 Related works
Static Deadlock Analysis. Type-based deadlock analysis has
been extensively studied. Several proposals concern process cal-
culi [12, 19–21], but there is some contribution also addressing
deadlocks in object-oriented programs [1, 2, 7]. In all these papers,
a type system is resposnible of computing a partial order of the
locks in a program and a subject reduction theorem demonstrates
that tasks follow this order. On the contrary, our technique does
not computes any ordering of locks, thus being more flexible: a
computation may acquire two locks in different order at different
stages, thus being correct in our case, but incorrect with the other
techniques. A further difference with the above works is that we
use contracts that are terms in simple (= with finite states) pro-
cess algebras [13]. The use of simple process algebras to describe
(communication or synchronization) protocols is not new. This is
the case of the exchange patterns in SSDL [18], which are based on
CSP [3] and the pi-calculus [16], or of the behavioral types in [17]
and [5], which use CCS [15].

Our work is related also to other static approaches, not based
on types. In [4, 14] circular dependencies among processes are de-
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is not treated.

Languages and Contracts. Our aJ calculus is inspired to the lan-
guage Creol [10], which has additional scheduling primitives and
operations for field update. Contracts similar to the one used in this
paper have been already studied in [8] for a language in the family
of Creol [11] with the same purpose of checking deadlocks. Apart
this source of inspiration, aJ is mostly the extension of Feather-
weight Java [9] with futures and the get operation as described
in [22]. We refer to these papers for additional pointers to the liter-
ature.

Models. The model used in [8] is based on standard fixpoint
technique, by resorting to finite approximants to deal with infinite
generation of new names. In this work we overcome this limitation

by recognizing patterns of recursive behaviour, so that we can
reduce the analysis to a finite portion of computation, being sure
that what follows will be of the same form, or, in particular, will
exibit the same locks.

1.2 Organization of the paper
The paper is organized as follows. Section 2 elaborates the theory
of mutations and flashbacks. Section 3 defines our model, the
language of lams and the later-stage relation. Section 4 develops
our lock analysis algorithm. Section 5 and Section 6 illustrate the
application of the lam model to programming languages. We give
conclusions and indications of further work in Section 7.

2. Preliminaries: mutations and flashbacks
Natural numbers are ranged over by a, b, i, j, m, n, . . . , possibly
indexed.
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For notational convenience, we write ⇤x when we refer to a list of
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context.

Given a mutation µ = a1, · · · , an , we define the application
of µ to an index i, 1 ⌃ i ⌃ n, as µ(i) = ai.
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context.

Given a mutation µ = a1, · · · , an , we define the application
of µ to an index i, 1 ⌃ i ⌃ n, as µ(i) = ai.

A mutation a1, · · · , an where the naturals are pairwise dif-
ferent and 1 ⌃ ai ⌃ n, for each ai, (e.g. 2, 3, 5, 4, 1 ) is a per-
mutation. In this case the partial order never changes. In fact, our
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reduce the analysis to a finite portion of computation, being sure
that what follows will be of the same form, or, in particular, will
exibit the same locks.

1.2 Organization of the paper
The paper is organized as follows. Section 2 elaborates the theory
of mutations and flashbacks. Section 3 defines our model, the
language of lams and the later-stage relation. Section 4 develops
our lock analysis algorithm. Section 5 and Section 6 illustrate the
application of the lam model to programming languages. We give
conclusions and indications of further work in Section 7.

2. Preliminaries: mutations and flashbacks
Natural numbers are ranged over by a, b, i, j, m, n, . . . , possibly
indexed.

Let V be an infinite set of names, ranged over by x, y, z, · · · . We
will use partial order relations on finite sets of names – relations
that are reflexive, antisymmetric, and transitive –, ranged over by
, ⇥, · · · . We write x � if contains a pair with x as component.

For notational convenience, we write ⇤x when we refer to a list of
names x1, . . . , xn.

Let ⌅ ⇤x<⇤z, with names in ⇤z not in , be the least partial order
⇥ that satisfies the following rules

 {(x, x) | x � ⇤x} ⇧ ⇥
x � ⇤x (x, y) � z � ⇤z
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That is, ⇤z become maximal names of ⌅ ⇤x<⇤z. For example,

– �⌅ x<z = {(x, x), (x, z), (z, z)};
– if = {(x, y), (x⇥, y⇥)} (the reflexive pairs are missing) then

⌅y<z is the reflexive and transitive closure of {(x, y), (x⇥, y⇥),
(y, z)};

– if = {(x, y), (x, y⇥)} (the reflexive pairs are missing) then
⌅y<z is the reflexive and transitive closure of {(x, y), (x, y⇥),

(y, z), (y⇥, z)}.

With an abuse of notation, if (x, y) � , we will write x ⌃ y �
(when the partial order is omitted, it is clear from the context). We
write x < y � if (x, y) � and (y, x) /� .

We define tranformations (called mutations) on pairs
�

, (x1, · · · , xn)
⇥

,
where (x1, · · · , xn) is a n-uple of names and a is a partial order.

Definition 2.1. A mutation of a n-uple of names, denoted a1, · · · , an

where 1 ⌃ ai ⌃ 2 ⇤ n, transforms a pair
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, (x1, · · · , xn)
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into a pair
� ⇥, (x⇥
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as follows. Let {b1, · · · , bk} =
{a1, · · · , an} \ {1, 2, · · · , n} and let zb1 , · · · , zbk be k pair-
wise different fresh names. [That is names not occurring either
in x1, · · · , xn or in .] Then

– if 1 ⌃ ai ⌃ n then x⇥
i = xai ;

– if ai > n then x⇥
i is zai ;

– ⇥ = ⌅ x1, · · · , xn<zi1 , · · · , zik .

The mutation a1, · · · , an of
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, (x1, · · · , xn)
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will be writ-
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, (x1, · · · , xn)
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� ⇥, (x⇥
1, · · · , x⇥

n)
⇥

and the la-
bel a1, · · · , an is omitted when the mutation is clear from the
context.

Given a mutation µ = a1, · · · , an , we define the application
of µ to an index i, 1 ⌃ i ⌃ n, as µ(i) = ai.

A mutation a1, · · · , an where the naturals are pairwise dif-
ferent and 1 ⌃ ai ⌃ n, for each ai, (e.g. 2, 3, 5, 4, 1 ) is a per-
mutation. In this case the partial order never changes. In fact, our
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when lams are associated to programs. If a program performs an
evaluation step and the corresponding lams are in the later-stage
relation then the algorithm for the absence of locks may be safely
applied to the lam of the initial program.

The algorithm for the absence of locks has been developed
for so-called linear lams, where every method defines a unique
mutation. The general case, for example when in the body of a
method there are two different recursive invocations, is managed
by transforming the nonlinear lam to a linear one (and introducing
inaccuracies = name dependencies).

This contribution also discusses the application of our theory
to a toy programming language, called aJ. In order to use our
deadlock and livelock static analyzer for this languages,

1. we define an association programs/lams by means of a sort of
type system – a contract system,

2. we demonstrate a subject reduction theorem where the lams of
the initial program and the reduced one are in the later-stage
relation.

The extensions to relevant features of programming languages has
been also discussed.

We are currently experiencing our technique in the HATS Euro-
pean project (www.hats-project.eu/) on large programs (more
than 5000 lines of code, with additional annotations for instructing
the contract inference system; these annotations have been written
in few hours – less than half a day). Programs are written in the
ABS language [11] (of which aJ is a subset). Actually, this research
about lock analysis has been triggered by discussions we had with
project members during HATS meetings.

1.1 Related works
Static Deadlock Analysis. Type-based deadlock analysis has
been extensively studied. Several proposals concern process cal-
culi [12, 19–21], but there is some contribution also addressing
deadlocks in object-oriented programs [1, 2, 7]. In all these papers,
a type system is resposnible of computing a partial order of the
locks in a program and a subject reduction theorem demonstrates
that tasks follow this order. On the contrary, our technique does
not computes any ordering of locks, thus being more flexible: a
computation may acquire two locks in different order at different
stages, thus being correct in our case, but incorrect with the other
techniques. A further difference with the above works is that we
use contracts that are terms in simple (= with finite states) pro-
cess algebras [13]. The use of simple process algebras to describe
(communication or synchronization) protocols is not new. This is
the case of the exchange patterns in SSDL [18], which are based on
CSP [3] and the pi-calculus [16], or of the behavioral types in [17]
and [5], which use CCS [15].

Our work is related also to other static approaches, not based
on types. In [4, 14] circular dependencies among processes are de-
tected as erroneous configurations, but dynamic creation of names
is not treated.

Languages and Contracts. Our aJ calculus is inspired to the lan-
guage Creol [10], which has additional scheduling primitives and
operations for field update. Contracts similar to the one used in this
paper have been already studied in [8] for a language in the family
of Creol [11] with the same purpose of checking deadlocks. Apart
this source of inspiration, aJ is mostly the extension of Feather-
weight Java [9] with futures and the get operation as described
in [22]. We refer to these papers for additional pointers to the liter-
ature.

Models. The model used in [8] is based on standard fixpoint
technique, by resorting to finite approximants to deal with infinite
generation of new names. In this work we overcome this limitation

by recognizing patterns of recursive behaviour, so that we can
reduce the analysis to a finite portion of computation, being sure
that what follows will be of the same form, or, in particular, will
exibit the same locks.

1.2 Organization of the paper
The paper is organized as follows. Section 2 elaborates the theory
of mutations and flashbacks. Section 3 defines our model, the
language of lams and the later-stage relation. Section 4 develops
our lock analysis algorithm. Section 5 and Section 6 illustrate the
application of the lam model to programming languages. We give
conclusions and indications of further work in Section 7.
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context.

Given a mutation µ = a1, · · · , an , we define the application
of µ to an index i, 1 ⌃ i ⌃ n, as µ(i) = ai.
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language of lams and the later-stage relation. Section 4 develops
our lock analysis algorithm. Section 5 and Section 6 illustrate the
application of the lam model to programming languages. We give
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for so-called linear lams, where every method defines a unique
mutation. The general case, for example when in the body of a
method there are two different recursive invocations, is managed
by transforming the nonlinear lam to a linear one (and introducing
inaccuracies = name dependencies).

This contribution also discusses the application of our theory
to a toy programming language, called aJ. In order to use our
deadlock and livelock static analyzer for this languages,

1. we define an association programs/lams by means of a sort of
type system – a contract system,

2. we demonstrate a subject reduction theorem where the lams of
the initial program and the reduced one are in the later-stage
relation.

The extensions to relevant features of programming languages has
been also discussed.

We are currently experiencing our technique in the HATS Euro-
pean project (www.hats-project.eu/) on large programs (more
than 5000 lines of code, with additional annotations for instructing
the contract inference system; these annotations have been written
in few hours – less than half a day). Programs are written in the
ABS language [11] (of which aJ is a subset). Actually, this research
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a type system is resposnible of computing a partial order of the
locks in a program and a subject reduction theorem demonstrates
that tasks follow this order. On the contrary, our technique does
not computes any ordering of locks, thus being more flexible: a
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use contracts that are terms in simple (= with finite states) pro-
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as follows. Let {b1, · · · , bk} =
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and the la-
bel a1, · · · , an is omitted when the mutation is clear from the
context.

Given a mutation µ = a1, · · · , an , we define the application
of µ to an index i, 1 ⌃ i ⌃ n, as µ(i) = ai.

A mutation a1, · · · , an where the naturals are pairwise dif-
ferent and 1 ⌃ ai ⌃ n, for each ai, (e.g. 2, 3, 5, 4, 1 ) is a per-
mutation. In this case the partial order never changes. In fact, our
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when lams are associated to programs. If a program performs an
evaluation step and the corresponding lams are in the later-stage
relation then the algorithm for the absence of locks may be safely
applied to the lam of the initial program.

The algorithm for the absence of locks has been developed
for so-called linear lams, where every method defines a unique
mutation. The general case, for example when in the body of a
method there are two different recursive invocations, is managed
by transforming the nonlinear lam to a linear one (and introducing
inaccuracies = name dependencies).

This contribution also discusses the application of our theory
to a toy programming language, called aJ. In order to use our
deadlock and livelock static analyzer for this languages,

1. we define an association programs/lams by means of a sort of
type system – a contract system,

2. we demonstrate a subject reduction theorem where the lams of
the initial program and the reduced one are in the later-stage
relation.

The extensions to relevant features of programming languages has
been also discussed.

We are currently experiencing our technique in the HATS Euro-
pean project (www.hats-project.eu/) on large programs (more
than 5000 lines of code, with additional annotations for instructing
the contract inference system; these annotations have been written
in few hours – less than half a day). Programs are written in the
ABS language [11] (of which aJ is a subset). Actually, this research
about lock analysis has been triggered by discussions we had with
project members during HATS meetings.

1.1 Related works
Static Deadlock Analysis. Type-based deadlock analysis has
been extensively studied. Several proposals concern process cal-
culi [12, 19–21], but there is some contribution also addressing
deadlocks in object-oriented programs [1, 2, 7]. In all these papers,
a type system is resposnible of computing a partial order of the
locks in a program and a subject reduction theorem demonstrates
that tasks follow this order. On the contrary, our technique does
not computes any ordering of locks, thus being more flexible: a
computation may acquire two locks in different order at different
stages, thus being correct in our case, but incorrect with the other
techniques. A further difference with the above works is that we
use contracts that are terms in simple (= with finite states) pro-
cess algebras [13]. The use of simple process algebras to describe
(communication or synchronization) protocols is not new. This is
the case of the exchange patterns in SSDL [18], which are based on
CSP [3] and the pi-calculus [16], or of the behavioral types in [17]
and [5], which use CCS [15].

Our work is related also to other static approaches, not based
on types. In [4, 14] circular dependencies among processes are de-
tected as erroneous configurations, but dynamic creation of names
is not treated.

Languages and Contracts. Our aJ calculus is inspired to the lan-
guage Creol [10], which has additional scheduling primitives and
operations for field update. Contracts similar to the one used in this
paper have been already studied in [8] for a language in the family
of Creol [11] with the same purpose of checking deadlocks. Apart
this source of inspiration, aJ is mostly the extension of Feather-
weight Java [9] with futures and the get operation as described
in [22]. We refer to these papers for additional pointers to the liter-
ature.

Models. The model used in [8] is based on standard fixpoint
technique, by resorting to finite approximants to deal with infinite
generation of new names. In this work we overcome this limitation

by recognizing patterns of recursive behaviour, so that we can
reduce the analysis to a finite portion of computation, being sure
that what follows will be of the same form, or, in particular, will
exibit the same locks.

1.2 Organization of the paper
The paper is organized as follows. Section 2 elaborates the theory
of mutations and flashbacks. Section 3 defines our model, the
language of lams and the later-stage relation. Section 4 develops
our lock analysis algorithm. Section 5 and Section 6 illustrate the
application of the lam model to programming languages. We give
conclusions and indications of further work in Section 7.

2. Preliminaries: mutations and flashbacks
Natural numbers are ranged over by a, b, i, j, m, n, . . . , possibly
indexed.

Let V be an infinite set of names, ranged over by x, y, z, · · · . We
will use partial order relations on finite sets of names – relations
that are reflexive, antisymmetric, and transitive –, ranged over by
, ⇥, · · · . We write x � if contains a pair with x as component.

For notational convenience, we write ⇤x when we refer to a list of
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With an abuse of notation, if (x, y) � , we will write x ⌃ y �
(when the partial order is omitted, it is clear from the context). We
write x < y � if (x, y) � and (y, x) /� .
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context.

Given a mutation µ = a1, · · · , an , we define the application
of µ to an index i, 1 ⌃ i ⌃ n, as µ(i) = ai.
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context.

Given a mutation µ = a1, · · · , an , we define the application
of µ to an index i, 1 ⌃ i ⌃ n, as µ(i) = ai.
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ferent and 1 ⌃ ai ⌃ n, for each ai, (e.g. 2, 3, 5, 4, 1 ) is a per-
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applied to the lam of the initial program.
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 {(x, x) | x � ⇤x} ⇧ ⇥
x � ⇤x (x, y) � z � ⇤z

(y, z) � ⇥

That is, ⇤z become maximal names of ⌅ ⇤x<⇤z. For example,

– �⌅ x<z = {(x, x), (x, z), (z, z)};
– if = {(x, y), (x⇥, y⇥)} (the reflexive pairs are missing) then

⌅y<z is the reflexive and transitive closure of {(x, y), (x⇥, y⇥),
(y, z)};

– if = {(x, y), (x, y⇥)} (the reflexive pairs are missing) then
⌅y<z is the reflexive and transitive closure of {(x, y), (x, y⇥),

(y, z), (y⇥, z)}.

With an abuse of notation, if (x, y) � , we will write x ⌃ y �
(when the partial order is omitted, it is clear from the context). We
write x < y � if (x, y) � and (y, x) /� .

We define tranformations (called mutations) on pairs
�

, (x1, · · · , xn)
⇥

,
where (x1, · · · , xn) is a n-uple of names and a is a partial order.

Definition 2.1. A mutation of a n-uple of names, denoted a1, · · · , an

where 1 ⌃ ai ⌃ 2 ⇤ n, transforms a pair
�

, (x1, · · · , xn)
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into a pair
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as follows. Let {b1, · · · , bk} =
{a1, · · · , an} \ {1, 2, · · · , n} and let zb1 , · · · , zbk be k pair-
wise different fresh names. [That is names not occurring either
in x1, · · · , xn or in .] Then

– if 1 ⌃ ai ⌃ n then x⇥
i = xai ;

– if ai > n then x⇥
i is zai ;

– ⇥ = ⌅ x1, · · · , xn<zi1 , · · · , zik .

The mutation a1, · · · , an of
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and the la-
bel a1, · · · , an is omitted when the mutation is clear from the
context.

Given a mutation µ = a1, · · · , an , we define the application
of µ to an index i, 1 ⌃ i ⌃ n, as µ(i) = ai.

A mutation a1, · · · , an where the naturals are pairwise dif-
ferent and 1 ⌃ ai ⌃ n, for each ai, (e.g. 2, 3, 5, 4, 1 ) is a per-
mutation. In this case the partial order never changes. In fact, our
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for so-called linear lams, where every method defines a unique
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to a toy programming language, called aJ. In order to use our
deadlock and livelock static analyzer for this languages,

1. we define an association programs/lams by means of a sort of
type system – a contract system,

2. we demonstrate a subject reduction theorem where the lams of
the initial program and the reduced one are in the later-stage
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The extensions to relevant features of programming languages has
been also discussed.

We are currently experiencing our technique in the HATS Euro-
pean project (www.hats-project.eu/) on large programs (more
than 5000 lines of code, with additional annotations for instructing
the contract inference system; these annotations have been written
in few hours – less than half a day). Programs are written in the
ABS language [11] (of which aJ is a subset). Actually, this research
about lock analysis has been triggered by discussions we had with
project members during HATS meetings.

1.1 Related works
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culi [12, 19–21], but there is some contribution also addressing
deadlocks in object-oriented programs [1, 2, 7]. In all these papers,
a type system is resposnible of computing a partial order of the
locks in a program and a subject reduction theorem demonstrates
that tasks follow this order. On the contrary, our technique does
not computes any ordering of locks, thus being more flexible: a
computation may acquire two locks in different order at different
stages, thus being correct in our case, but incorrect with the other
techniques. A further difference with the above works is that we
use contracts that are terms in simple (= with finite states) pro-
cess algebras [13]. The use of simple process algebras to describe
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and [5], which use CCS [15].
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generation of new names. In this work we overcome this limitation
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1.2 Organization of the paper
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when lams are associated to programs. If a program performs an
evaluation step and the corresponding lams are in the later-stage
relation then the algorithm for the absence of locks may be safely
applied to the lam of the initial program.

The algorithm for the absence of locks has been developed
for so-called linear lams, where every method defines a unique
mutation. The general case, for example when in the body of a
method there are two different recursive invocations, is managed
by transforming the nonlinear lam to a linear one (and introducing
inaccuracies = name dependencies).

This contribution also discusses the application of our theory
to a toy programming language, called aJ. In order to use our
deadlock and livelock static analyzer for this languages,

1. we define an association programs/lams by means of a sort of
type system – a contract system,

2. we demonstrate a subject reduction theorem where the lams of
the initial program and the reduced one are in the later-stage
relation.

The extensions to relevant features of programming languages has
been also discussed.

We are currently experiencing our technique in the HATS Euro-
pean project (www.hats-project.eu/) on large programs (more
than 5000 lines of code, with additional annotations for instructing
the contract inference system; these annotations have been written
in few hours – less than half a day). Programs are written in the
ABS language [11] (of which aJ is a subset). Actually, this research
about lock analysis has been triggered by discussions we had with
project members during HATS meetings.

1.1 Related works
Static Deadlock Analysis. Type-based deadlock analysis has
been extensively studied. Several proposals concern process cal-
culi [12, 19–21], but there is some contribution also addressing
deadlocks in object-oriented programs [1, 2, 7]. In all these papers,
a type system is resposnible of computing a partial order of the
locks in a program and a subject reduction theorem demonstrates
that tasks follow this order. On the contrary, our technique does
not computes any ordering of locks, thus being more flexible: a
computation may acquire two locks in different order at different
stages, thus being correct in our case, but incorrect with the other
techniques. A further difference with the above works is that we
use contracts that are terms in simple (= with finite states) pro-
cess algebras [13]. The use of simple process algebras to describe
(communication or synchronization) protocols is not new. This is
the case of the exchange patterns in SSDL [18], which are based on
CSP [3] and the pi-calculus [16], or of the behavioral types in [17]
and [5], which use CCS [15].

Our work is related also to other static approaches, not based
on types. In [4, 14] circular dependencies among processes are de-
tected as erroneous configurations, but dynamic creation of names
is not treated.

Languages and Contracts. Our aJ calculus is inspired to the lan-
guage Creol [10], which has additional scheduling primitives and
operations for field update. Contracts similar to the one used in this
paper have been already studied in [8] for a language in the family
of Creol [11] with the same purpose of checking deadlocks. Apart
this source of inspiration, aJ is mostly the extension of Feather-
weight Java [9] with futures and the get operation as described
in [22]. We refer to these papers for additional pointers to the liter-
ature.

Models. The model used in [8] is based on standard fixpoint
technique, by resorting to finite approximants to deal with infinite
generation of new names. In this work we overcome this limitation

by recognizing patterns of recursive behaviour, so that we can
reduce the analysis to a finite portion of computation, being sure
that what follows will be of the same form, or, in particular, will
exibit the same locks.

1.2 Organization of the paper
The paper is organized as follows. Section 2 elaborates the theory
of mutations and flashbacks. Section 3 defines our model, the
language of lams and the later-stage relation. Section 4 develops
our lock analysis algorithm. Section 5 and Section 6 illustrate the
application of the lam model to programming languages. We give
conclusions and indications of further work in Section 7.

2. Preliminaries: mutations and flashbacks
Natural numbers are ranged over by a, b, i, j, m, n, . . . , possibly
indexed.

Let V be an infinite set of names, ranged over by x, y, z, · · · . We
will use partial order relations on finite sets of names – relations
that are reflexive, antisymmetric, and transitive –, ranged over by
, ⇥, · · · . We write x � if contains a pair with x as component.

For notational convenience, we write ⇤x when we refer to a list of
names x1, . . . , xn.

Let ⌅ ⇤x<⇤z, with names in ⇤z not in , be the least partial order
⇥ that satisfies the following rules

 {(x, x) | x � ⇤x} ⇧ ⇥
x � ⇤x (x, y) � z � ⇤z

(y, z) � ⇥

That is, ⇤z become maximal names of ⌅ ⇤x<⇤z. For example,

– �⌅ x<z = {(x, x), (x, z), (z, z)};
– if = {(x, y), (x⇥, y⇥)} (the reflexive pairs are missing) then

⌅y<z is the reflexive and transitive closure of {(x, y), (x⇥, y⇥),
(y, z)};

– if = {(x, y), (x, y⇥)} (the reflexive pairs are missing) then
⌅y<z is the reflexive and transitive closure of {(x, y), (x, y⇥),

(y, z), (y⇥, z)}.

With an abuse of notation, if (x, y) � , we will write x ⌃ y �
(when the partial order is omitted, it is clear from the context). We
write x < y � if (x, y) � and (y, x) /� .

We define tranformations (called mutations) on pairs
�

, (x1, · · · , xn)
⇥

,
where (x1, · · · , xn) is a n-uple of names and a is a partial order.

Definition 2.1. A mutation of a n-uple of names, denoted a1, · · · , an

where 1 ⌃ ai ⌃ 2 ⇤ n, transforms a pair
�

, (x1, · · · , xn)
⇥

into a pair
� ⇥, (x⇥

1, · · · , x⇥
n)
⇥

as follows. Let {b1, · · · , bk} =
{a1, · · · , an} \ {1, 2, · · · , n} and let zb1 , · · · , zbk be k pair-
wise different fresh names. [That is names not occurring either
in x1, · · · , xn or in .] Then

– if 1 ⌃ ai ⌃ n then x⇥
i = xai ;

– if ai > n then x⇥
i is zai ;

– ⇥ = ⌅ x1, · · · , xn<zi1 , · · · , zik .

The mutation a1, · · · , an of
�

, (x1, · · · , xn)
⇥

will be writ-

ten
�

, (x1, · · · , xn)
⇥ a1,··· ,an�⌥

� ⇥, (x⇥
1, · · · , x⇥

n)
⇥

and the la-
bel a1, · · · , an is omitted when the mutation is clear from the
context.

Given a mutation µ = a1, · · · , an , we define the application
of µ to an index i, 1 ⌃ i ⌃ n, as µ(i) = ai.

A mutation a1, · · · , an where the naturals are pairwise dif-
ferent and 1 ⌃ ai ⌃ n, for each ai, (e.g. 2, 3, 5, 4, 1 ) is a per-
mutation. In this case the partial order never changes. In fact, our

short description of paper 2 2012/8/10
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Remark 2. The above axioms, such as TNpL1 + L2q “ TNL1 + TNL2 are re-
stricted to terms T that do not contain function invocations. In fact, fpruqNppx, yq
+ py, zqq ‰ pfpruqNpx, yqq + pfpruqNpy, zqq because the two terms have a di↵er-
ent number of occurrences of invocations of f, and this is crucial for linear
recursion – see Definition 6.

In the paper, we always assume lam programs
`

f1pÄx1q “ L1, ¨ ¨ ¨ , f
`

p rx
`

q “
L
`

, L
˘

to be well-defined, namely (1) all function names occurring in L
i

and L are
defined; (2) the arity of function invocations matches that of the corresponding
function definition.

Operational semantics. Let a lam context, noted Lr s, be a term derived by the
following syntax:

Lr s ::“ r s | LNLr s | L +
Lr s

As usual LrLs is the lam where the hole of Lr s is replaced by L. The opera-
tional semantics of a program

`

f1pÄx1q “ L1, ¨ ¨ ¨ , f
`

p rx
`

q “ L
`

, L
``1

˘

is a transition
system whose states are pairs

@

V, L
D

and the transition relation is the least one
satisfying the rule:

(Red)

fprxq “ L varpLqzrx “ rz rw are fresh
Lr rw{

rz

srru{
rx

s “ L1
@

V, Lrfpruqs
D

›Ñ
@

V ‘ ru† rw, LrL1s
D

By (red), a lam L is evaluated by successively replacing function invocations
with the corresponding lam instances. Name creation is handled with a mecha-
nism similar to that of mutations. For example, if fpxq “ px, yqNfpyq and fpuq
occurs in the main lam, then fpuq is replaced by pu, vqNfpvq, where v is a fresh
maximal name in some partial order. The initial state of a program with main

lam L is
@

IL, L
D

, where IL
def“ tpx, xq | x P varpLqu.

To illustrate the semantics of the language of lams we discuss three examples:

1.
`

fpx, y, zq “ px, yqNgpy, zq + py, zq, gpu, vq “ pu, vq + pv, uq, fpx, y, zq
˘

and I “ tpx, xq, py, yq, pz, zqu. Then
@

I, fpx, y, zq
D

›Ñ
@

I, px, yqNgpy, zq + py, zq
D

›Ñ
@

I, px, yqNpy, zq + px, yqNpz, yq + py, zq
D

The lam in the final state does not contain function invocations. This is
because the above program is not recursive. Additionally, the evaluation of
fpx, y, zq has not created names. This is because names in the bodies of
fpx, y, zq and gpu, vq are bound.

2.
`

f1pxq “ px, yqNf1pyq , f1pxq
˘

and V0 “ tpx0, x0qu. Then
@

V0, f
1px0q

D

›Ñ
@

V1, px0, x1qNf1px1q
D

›Ñ
@

V2, px0, x1qNpx1, x2qNf1px2q
D

›Ñn

@

V
n`2, px0, x1qN¨ ¨ ¨ Npx

n`1, xn`2qNf1px
n`2q

D

11
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⌦
, L

↵
�!

⌦ 0, L0
↵

1

the lam semantics is the least relation                                that satisfies the rule

⌦
, L

↵
�⇥

⌦ 0
, L0

↵

L
⌦
{(x, x) | x ⇤ var(L)}, L

↵

1

⌦
, L

↵
�⇥

⌦ 0
, L0

↵

L
⌦
{(x, x) | x ⇤ var(L)}, L

↵

1

with initial state                                            where       is the main term 
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order of the mutation = max(l+l1, l2)   	



l = order of standard cycles,   l1 = length of max bound sink -1,   l2 = length of max free sink

x mutation 2, 3, 1, 5, 6, 7, 8, 9

k u1, u2, u3, u4, u5, u6, u7, u8 u1, u6 N u8, u3 Nk u2, u3, u1, u5, u6, u6, u8, v

k u1, u2, u3, u4, u5, u6, u7, u8 u1, u6 N u8, u3 Nk u2, u3, u1, u5, u6, u6, u8, v

u1, u6 N u8, u3 N u2, u6 N v, u1 N
Nk u3, u1, u2, u6, u6, u6, v, w

u1, u6 N u8, u3 N u2, u6 N v, u1 N u3, u6 N w, u2

Nk u1, u2, u3, u6, u6, u6, w, x

u1, u6 N u8, u3 N u2, u6 N v, u1 N u3, u6 N w, u2

N u1, u6 N x, u3 Nk u2, u3, u1, u6, u6, u6, x, y

u1, u6 N u8, u3 N u2, u6 N v, u1 N u3, u6 N w, u2

N u1, u6 N x, u3 N u2, u6 N y, u1

Nk u3, u1, u2, u6, u6, u6, y, z

f x

f x, y faux x, y, x, y ,
faux x, y, x , y x, z N x , y Nfaux y, z, x , z ,
g x, y y, z Nf y, z ,
f x1, x2 ,

x, x x z x, x , x, z , z, z

, L , L , L , L L L

Let L L, called L is at a later stage than L, be the least relation such that

0 L L L

L L L L

L L

T1 T1 T2 T2

T1NT2 T1NT2

T1 T1 L1 L1

T1 + L1 T1 + L1

x, x x var L , L , L

, L , L

M x M1 x1 , , Mi xi Mi 1 xi 1 , , Mn x M y

f1 x1, x2 x1, x2 Nf1 x2, x3 + f2 x3 ,
f2 y y, z Nf2 z , L

2



Department of Computer Science and Engineering 
Università di Bologna

FREE SINKS AND FLASHBACKS

25

flashback 	


an injective renaming 	


such that  v, w <  y, z

point of creation

theorem: every linear lam function has an order o such that  the recursive invo-	


cation after o-unfoldings may be mapped back to a previous invocation 	


!by a flashback

x mutation 2, 3, 1, 5, 6, 7, 8, 9

k u1, u2, u3, u4, u5, u6, u7, u8 u1, u6 N u8, u3 Nk u2, u3, u1, u5, u6, u6, u8, v

k u1, u2, u3, u4, u5, u6, u7, u8 u1, u6 N u8, u3 Nk u2, u3, u1, u5, u6, u6, u8, v

u1, u6 N u8, u3 N u2, u6 N v, u1 N
Nk u3, u1, u2, u6, u6, u6, v, w

u1, u6 N u8, u3 N u2, u6 N v, u1 N u3, u6 N w, u2

Nk u1, u2, u3, u6, u6, u6, w, x

u1, u6 N u8, u3 N u2, u6 N v, u1 N u3, u6 N w, u2

N u1, u6 N x, u3 Nk u2, u3, u1, u6, u6, u6, x, y

u1, u6 N u8, u3 N u2, u6 N v, u1 N u3, u6 N w, u2

N u1, u6 N x, u3 N u2, u6 N y, u1

Nk u3, u1, u2, u6, u6, u6, y, z

f x

f x, y faux x, y, x, y ,
faux x, y, x , y x, z N x , y Nfaux y, z, x , z ,
g x, y y, z Nf y, z ,
f x1, x2 ,

x, x x z x, x , x, z , z, z

, L , L , L , L L L

Let L L, called L is at a later stage than L, be the least relation such that

0 L L L

L L L L

L L

T1 T1 T2 T2

T1NT2 T1NT2

T1 T1 L1 L1

T1 + L1 T1 + L1

x, x x var L , L , L

, L , L

M x M1 x1 , , Mi xi Mi 1 xi 1 , , Mn x M y

f1 x1, x2 x1, x2 Nf1 x2, x3 + f2 x3 ,
f2 y y, z Nf2 z , L

2
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x mutation 2, 3, 1, 5, 6, 7, 8, 9

k u1, u2, u3, u4, u5, u6, u7, u8 u1, u6 N u8, u3 Nk u2, u3, u1, u5, u6, u6, u8, v

k u1, u2, u3, u4, u5, u6, u6, u8 u1, u6 N u8, u4 Nk u2, u3, u1, u5, u6, u6, u8, v

u1, u6 N u8, u4 N u2, u7 N v, u5 N
Nk u3, u1, u2, u6, u6, u6, v, w

u1, u6 N u8, u4 N u2, u7 N v, u5 N u3, u6 N w, u2

Nk u1, u2, u3, u6, u6, u6, w, x

u1, u6 N u8, u4 N u2, u7 N v, u5 N u3, u6 N w, u2

N u1, u6 N y, u3 Nk u2, u3, u1, u6, u6, u6, x, y

u1, u6 N u8, u4 N u2, u7 N v, u5 N u3, u6 N w, u2

N u1, u6 N y, u3 N u2, u6 N y, u6

Nk u3, u1, u2, u6, u6, u6, y, z

f x

f x, y faux x, y, x, y ,
faux x, y, x , y x, z N x , y Nfaux y, z, x , z ,
g x, y y, z Nf y, z ,
f x1, x2 ,

x, x x z x, x , x, z , z, z

, L , L , L , L L L

Let L L, called L is at a later stage than L, be the least relation such that

0 L L L

L L L L

L L

T1 T1 T2 T2

T1NT2 T1NT2

T1 T1 L1 L1

T1 + L1 T1 + L1

x, x x var L , L , L

, L , L

M x M1 x1 , , Mi xi Mi 1 xi 1 , , Mn x M y

f1 x1, x2 x1, x2 Nf1 x2, x3 + f2 x3 ,
f2 y y, z Nf2 z , L

2

unfolding till 	


the order

x mutation 2, 3, 1, 5, 6, 7, 8, 9
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CROSSOVER CIRCULARITIES
the problematic cases are the circularities across the order	
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these circularities require 2 ×	 order  to be catched (saturated states)	
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THE DECISION ALGORITHM
Step 1: find recursive histories. 	



•  create a graph where nodes are function names and, for every invocation of g in the body of 	


            f,  there is an edge from f to g	



•  use depth first search to associate to every node its recursive histories (the paths starting 	


            and ending at that node, if any)	



•  the lam program is linear if every node has at most one associated recursive history
Step 2: computation of the orders. 	



•  given the recursive history associated to a function, we compute the corresponding mutation   	


             and its order

Step 3: evaluation process. The main lam is unfolded till the the saturated state 	


•  every function invocation f(x) in the main lam is evaluated up-to twice the order of the     	



            corresponding mutation	


•  the function invocation of f in the saturated state is erased and the process is repeated on   	



            every other function invocation (which, therefore, does not belong to the recursive history 	


            of f), till no function invocation is present in the state

 Step 4: detection of circularities. 	


•  every T (a & of dependency pairs) may be represented as a graph where nodes are names 	



            and edges correspond to dependency pairs	


•  to detect whether T contains a circular dependency, we run Tarjan algorithm for connected 	



            components of graphs and we stop the algorithm when a circularity is found
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the decision algorithm for detecting locks may be applied to nonlinear programs 
after having transformed them to linear ones	



• the current source-to-source transformation introduces inaccuracies, e.g. pairs 
that are not present in the nonlinear program	



• perhaps the transformation may be improved but the inaccuracies cannot be 
completely removed

NONLINEAR LAMS
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 EXAMPLE:  the fibonacci-like lam function 	


!
!
       	

        is transformed into the linear one	


!
!
!        by introducing fake dependencies
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g(x0, x1, x2, x3, x4, x5, x6) = (x3, x1)�(x0, x8)�(x8, x7)�g(x2, x0, x1, x5, x6, x7, x8), g(x0, x1, x2, x3, x4, x5, x6)

⇥

g(x0, x1, x2, x3, x4, x5, x6)

(x3, x1)�(x0, x8)�(x8, x7) � g(x2, x0, x1, x5, x6, x7, x8)

(x5, x0)�(x2, x10)�(x10, x9) � g(x1, x2, x0, x7, x8, x9, x10)

(x7, x2)�(x1, x12)�(x12, x11) � g(x0, x1, x2, x9, x10, x11, x12)

(x9, x1)�(x0, x14)�(x14, x13) � g(x2, x0, x1, x11, x12, x13, x14)

(x11, x0)�(x2, x16)�(x16, x15) � g(x1, x2, x0, x13, x14, x15, x16)
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Fig. 1. A lam program and its unfolding

t1.start() ; t2.start() ;
t1.join() ; t2.join() ;
return (x.result + y.result) ;
}

}

The lam definition of fib, as for fact, collects in one
term the dependencies and invocations in the branches of the
conditional:

fib this this , x � this , y �fib x �fib y

In contrast with fact, the body of fib has two recursive
invocations, which breaks the above constraint (i).

When programs are nonlinear, the generalization of our
technique, if any, should require to take into account nondeter-
minism – a function transforms a tuple into a set of tuples –,
which is out of the scope of this contribution. In alternative, we
propose a simpler, but imprecise, technique. That is, we define
a source-to-source transformation of nonlinear lam programs
into linear ones by introducing fake dependencies (i.e. false
positives in terms of circularities). For example, the fib
program

fib z z, x � z, y �fib x �fib y , fib u

(this is replaced by z) is transformed into the linear one – a
simplified version of the function defined in Section VI:

fibaux z, z z, x � z, y � z , x � z , y �fibaux x, y ,
fibaux u, u .

To highlight the fake dependencies added by fibaux , we
notice that, after two unfoldings, fibaux u, u gives

u, v � u,w � v, v � v, w � w, v � w,w
�fibaux v , w .

On the contrary fib has a corresponding state (obtained after
four steps)

u, v � u,w � v, v � v, v � w,w � w,w
�fib v �fib v �fib w �fib w ,

which has no dependency between names created by differ-
ent invocations. It is worth to remark that these additional
dependencies cannot be completely eliminated because of a

cardinality argument. The evaluation of a function invocation
f u in a linear program may produce at most one invocation
of f, while an invocation of f u in a nonlinear program may
produce two or more. In turn, these invocations of f may
create names. When this happens, the creations of different
invocations must be contracted to names created by one
invocation and explicit dependencies must be added to account
for dependencies of each invocation.

Nevertheless, we prove the soundness of our technique:
if the transformed linear program is circularity-free then the
original nonlinear one is also circularity-free. In particular,
since our analysis lets us determine that the saturated state of
fibaux is circularity-free, then we are able to state the same
property for fib.

A. Related works

Static Deadlock Analysis. Type-based deadlock analysis has
been extensively studied. Several proposals concern process
calculi [3], [4], [5], but there is some contribution also
addressing deadlocks in object-oriented programs [6], [7], [8].

Kobayashi, in his works about pi-calculus [9], [10], [3],
define dependencies between channels using so-called obli-
gations and capabilities in the types and verifies the absence
of circularities. As with our technique, he is able to deal with
recursive behaviors and the creation of new channels. However
his technique is different from our one and a thorough compar-
ison requires the application of our technique to pi-calculus,
which has a different synchronization model than the one we
assume in this paper.

The works of Suenaga [11], [4] apply Kobayashi’s technique
to a concurrent language with names. It should be easy to infer
lam programs out of programs in the language with interrupts
of [11] and, therefore, we should be able to verify the presence
of deadlocks, as well. However, a precise comparison with [11]
has not been done. The language of [4] features mutable
references, which is a well-known feature that, together with
concurrency, yields nondeterministic behaviors. The applica-
tion of our technique to a language with assignments is matter
of future research (see Section VII) and the above reference
will be a starting point for us.
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Fig. 1. A lam program and its unfolding

t1.start() ; t2.start() ;
t1.join() ; t2.join() ;
return (x.result + y.result) ;
}

}

The lam definition of fib, as for fact, collects in one
term the dependencies and invocations in the branches of the
conditional:

fib this this , x � this , y �fib x �fib y

In contrast with fact, the body of fib has two recursive
invocations, which breaks the above constraint (i).

When programs are nonlinear, the generalization of our
technique, if any, should require to take into account nondeter-
minism – a function transforms a tuple into a set of tuples –,
which is out of the scope of this contribution. In alternative, we
propose a simpler, but imprecise, technique. That is, we define
a source-to-source transformation of nonlinear lam programs
into linear ones by introducing fake dependencies (i.e. false
positives in terms of circularities). For example, the fib
program

fib z z, x � z, y �fib x �fib y , fib u

(this is replaced by z) is transformed into the linear one – a
simplified version of the function defined in Section VI:

fibaux z, z z, x � z, y � z , x � z , y �fibaux x, y ,
fibaux u, u .

To highlight the fake dependencies added by fibaux , we
notice that, after two unfoldings, fibaux u, u gives

u, v � u,w � v, v � v, w � w, v � w,w
�fibaux v , w .

On the contrary fib has a corresponding state (obtained after
four steps)

u, v � u,w � v, v � v, v � w,w � w,w
�fib v �fib v �fib w �fib w ,

which has no dependency between names created by differ-
ent invocations. It is worth to remark that these additional
dependencies cannot be completely eliminated because of a

cardinality argument. The evaluation of a function invocation
f u in a linear program may produce at most one invocation
of f, while an invocation of f u in a nonlinear program may
produce two or more. In turn, these invocations of f may
create names. When this happens, the creations of different
invocations must be contracted to names created by one
invocation and explicit dependencies must be added to account
for dependencies of each invocation.

Nevertheless, we prove the soundness of our technique:
if the transformed linear program is circularity-free then the
original nonlinear one is also circularity-free. In particular,
since our analysis lets us determine that the saturated state of
fibaux is circularity-free, then we are able to state the same
property for fib.

A. Related works

Static Deadlock Analysis. Type-based deadlock analysis has
been extensively studied. Several proposals concern process
calculi [3], [4], [5], but there is some contribution also
addressing deadlocks in object-oriented programs [6], [7], [8].

Kobayashi, in his works about pi-calculus [9], [10], [3],
define dependencies between channels using so-called obli-
gations and capabilities in the types and verifies the absence
of circularities. As with our technique, he is able to deal with
recursive behaviors and the creation of new channels. However
his technique is different from our one and a thorough compar-
ison requires the application of our technique to pi-calculus,
which has a different synchronization model than the one we
assume in this paper.

The works of Suenaga [11], [4] apply Kobayashi’s technique
to a concurrent language with names. It should be easy to infer
lam programs out of programs in the language with interrupts
of [11] and, therefore, we should be able to verify the presence
of deadlocks, as well. However, a precise comparison with [11]
has not been done. The language of [4] features mutable
references, which is a well-known feature that, together with
concurrency, yields nondeterministic behaviors. The applica-
tion of our technique to a language with assignments is matter
of future research (see Section VII) and the above reference
will be a starting point for us.
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compute the order and verify the circularity freedom of the following 
functions (the main lam is the function itself):	


!
1. ( g(x0, x1, x2, x3, x4, x5, x6) =  (x3, x1)&(x0, x8)&(x8, x7)!
! ! ! ! ! ! ! ! ! ! ! ! & g(x2, x0, x1, x5, x6, x7, x8) ,!

!   g(x0, x1, x2, x3, x4, x5, x6) )	


!
2. !
!
!
!

3. (coffee competition) write your favourite concurrent program, extract 	


	

   the lam and verify whether it is deadlocked or not	
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For example addh fl, x4, x2 �f x2, x3, x4, x5
fl x4, x2 � flf x2, x3, x4, x5 . The informative transition
relation is the least one such that

(RED+)

f x L var L x z w are fresh
L w

z
u

x L

, h , hL �f u
u w, h �f u , hL addh �f, L

where hL is a lam context with histories (dependency
pairs and function invocations are labelled by histories). When

, h , , h , by applying (RED+) to �f u ,
we say that the term �f u is evaluated in the reduction.
The initial informative state of a program with main lam L
is L, ?, addh ⇥, L .

For example, the flh-program

f x, y, z, u x, z �l u, y, z ,
l x, y, z x, y �f y, z, x, u ,
h x, y, z, u z, x �h x, y, z, u �f x, y, z, u ,
h x1, x2, x3, x4

has an (informative) evaluation

L, ?, ⇥h x1, x2, x3, x4

L, h , � hf x1, x2, x3, x4

L, h
1, � hf x1, x3 � hfl x4, x2, x3

L x4 x5, h
2, � hfl x4, x2 � hflf x2, x3, x4, x5

where h x3, x1 �hh x1, x2, x3, x4 , �hf x1, x3

and h ⇥h x1, x2, x3, x4 , h
1

h

hf x1, x2, x3, x4 , h
2

h
1

hfl x4, x2, x3 .
The non-informative and informative semantics of a pro-

gram are in strict relation and this correspondence is crucial
for the correctness of our algorithm in Section IV. To formalize
the correspondence, we use an eraser map that takes
an informative lam and removes the histories. The formal
definition is omitted because it is straightforward.

Proposition III.5. 1) If , h , , h , then
, , ;

2) If , , L then there are h , h , such
that L and , h , , h , .

Circularities. Lams record sets of relations on names. To
make explicit the relations defined by a lam, we use a function

, called flattening, which is inductively defined as follows

0 0, x, y x, y , f x 0,
L�L L � L , L + L L + L .

For example

L f x, y, z + x, y �g y, z �f u, y, z
+ g u, v � u, v + v, u

L x, y + u, v + v, u

that is, there are three relations in L: x, y and u, v
and v, u . By Proposition III.1, L returns, up-to the lam
axioms, sequences of (pairwise different) �-compositions of
dependencies.

The operation may be extended to informative lams
in the obvious way:

h x, y x, y , hf x 0.

Definition III.6. A lam L has a circularity if

L x1, x2 � x2, x3 � � xm, x1 �T + T

for some x1, , xm. A state , L has a circularity if L
has a circularity. Similarly for an informative lam .

The final state of the above computation of the fgh-program
has a circularity; other functions displaying circularities are f
and g in Section I. None of the states in the examples 1, 2, 3
at the beginning of this section has a circularity.

IV. SATURATED STATES

The main contribution of this article, namely the decidability
of the circularity-freeness problem in linear lam programs,
is demonstrated in this section. We restrict our arguments to
(mutually) recursive lam programs. In fact, circularity analysis
in non-recursive programs is trivial: it is sufficient to evaluate
all the invocations till the final state and verify the presence
of circularities therein. A further restriction allows us to
simplify the arguments without loosing in generality (cf. the
definition of saturation): we assume that every function is
(mutually) recursive. We may reduce to this case by expanding
function invocation of non-(mutually) recursive functions (and
removing their definitions).

Linearity and mutations. Our decision algorithm relies on
interpreting recursive functions as mutations. This interpreta-
tion is not always possible: the recursive functions that have
an associated mutation are the linear ones, as defined below.
The algorithm for the general case is discussed in Section VI.

Definition IV.1. Let f1 x1 L1, , f⇤ x⇤ L⇤, L be a
lam program. A sequence fi0fi1 fik is called a recursive
history of fi0 if (a) the function names are pairwise different
and (b) for every 0 j k, Lij contains one invocation of
fij 1%k

(the operation % is the remainder of the division).
The lam program is linear if (a) every function name has a

unique recursive history and (b) if fi0fi1 fik is a recursive
history then, for every 0 j k, Lij contains exactly one
invocation of fij 1%k

.

For example, the program

f1 x, y x, y �f1 y, z �f2 y + f2 z ,
f2 y y, z �f2 z ,
L

is linear. On the contrary

f x x, y �g x , g x x, y �f x + g y , L

is not linear because g has two recursive histories, namely g
and gf. The fibonacci program

fib x x, y � x, z �fib y �fib z , fib x

is not linear because, while fib has a unique recursive
history, namely fib, the body of fib contains two recursive
invocations.

8
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details at    cs.unibo.it/~laneve/papers/SoSyM.pdf

http://cs.unibo.it/~laneve/papers/SoSyM.pdf
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the theory is being applied to a concurrent object-oriented 
programming language coreABS:	



1. an association programs/lams is defined by means of an inference type 
system that derives lams	



2. the subject reduction theorem demonstrates that the lams of the initial 
program manifest more dependency pairs than the reduced one	



!

COREABS

27
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!

!

!
!
!
!
!
!
remarks: 	

	

 ⦁   assignments (alias analysis)	

  

• asynchronous method invocations	


• futures	


• new   vs   new local!
• explicit synchronizations

COREABS

27

A Framework for Deadlock Detection in ABS 3

P ::= C {T x ; s } program

T ::= nat | bool | Fut<T> type

C ::= class C(T x) {T x ; M } class

M ::= T m(T x){T x ; s } method definition

s ::= skip | x = z | if e { s } else { s } | return e | s ; s statement

z ::= e | e!m(e) | new C (e) | new local C (e) | x.get expression with side e↵ects

e ::= v | x | this | arithmetic-and-bool-exp expression

v ::= null | primitive values value

Fig. 1 The language core ABS

T
n

x
n

; when the sequence is not empty; we mean the
empty sequence otherwise.

A program P is a list of interface and class decla-
rations (resp. I and C) followed by a main function
{T x ; s }. A type T is the name of either a primi-
tive type D such as Int, Bool, String, or a future type
Fut<T>, or an interface name I.

A class declaration class C(T x) {T 0 x0 ; M } has
a name C and declares its fields T x, T 0 x0 and its meth-
odsM . The fields T x will be initialized when the object
is created; the fields T 0 x0 will be initialized by the main
function of the class (or by the other methods).

A statement s may be either one of the standard op-
erations of an imperative language or one of the opera-
tions for scheduling. These operations include awaitx?,
which suspends method’s execution until the argument
x, is resolved. This means that await requires the value
of x to be resolved before resuming method’s execution.

An expression z may have side e↵ects (may change
the state of the system) and is either an object cre-
ation new C(e) in the same group of the creator or
an object creation new cog C(e) in a new group. In
core ABS, (runtime) objects are partitioned in groups,
called cogs, which own a lock for regulating the execu-
tions of threads. Every threads acquires its own cog lock
in order to be evaluated and releases it upon termina-
tion or suspension. Clearly, threads running on di↵erent
cogs may be evaluated in parallel, while threads running
on the same cog do compete for the lock and interleave
their evaluation. The two operations new C(e) and new

cog C(e) allow one to add an object to a previously cre-
ated cog or to create new singleton cogs, respectively.

An expression z may also be either a (synchronous)
method call e.m(e) or an asynchronous method call e!m(e).
Synchronous method invocations suspend the execution
of the caller, without releasing the lock of the corre-
sponding cog; asynchronous method invocations do not
suspend caller’s execution. Expressions z also include

the operation x.get that suspends method’s execution
until the value of x is computed. The type of x is a fu-
ture type that is associated with a method invocation.
The di↵erence between await x? and x.get is that the
former releases cog’s lock when the value of x is still
unavailable; the latter does not release cog’s lock (thus
being the potential cause of a deadlock).

A pure expression e is either a value, or a variable x,
or the reserved identifier this. Values include the null
object, and primitive type values, such as true and 1.

In the whole paper, we assume that sequences of
field declarations T x, method declarations M , and pa-
rameter declarations T x do not contain duplicate names.
It is also assumed that every class and interface name
in a program has a unique definition.

2.2 Semantics

core ABS semantics is defined as a transition relation
between configurations, noted cn and defined in Fig-
ure 2. Configurations are sets of elements – therefore
we assume associativity and commutativity – and are
denoted by the juxtaposition of the elements cn cn;
the empty configuration is denoted by ". The transi-
tion relation uses three infinite sets of names: object
names, ranged over by o, o0, · · · , cog names, ranged
over by c, c0, · · · , and future names, ranged over by f ,
f 0, · · · . Object names are partitioned according to the
class and the cog they belongs. We assume there are in-
finitely many object names per class and the function
fresh(C) returns a new object name of class C. Given
an object name o, the function class(o) returns its class.
The function fresh( ) returns either a fresh cog name
or a fresh future name; the context will disambiguate
between the twos.
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! Int fact_g(Int n){!
! ! Fut<Int> x ;!
! ! Int m = 0;!
! ! if (n==0) { m = 1; }!
! ! else { x = this!fact_g(n-1); m = x.get; m = n*m; }!
! ! return m;!
! }!
!
! Int fact_nc(Int n){!
! ! Fut<Int> x ;!
! ! Int m = 0;!
! ! if (n==0) { m = 1 ; }!
! ! else { Math z = new Math(); x = z!fact_nc(n-1); m = x.get; m = n*m; }!
! ! return m; !
! }!

COREABS EXAMPLES

27
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• method invocations are synchronised in the same body	



• fields of future types are read-only	



• recursive object structures are problematic in the inference 
algorithm (unproblematic in this talk, where we discuss the type 
checking)

CONSTRAINTS

27
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!

!

!
!
!
!
we use environments      mapping	



• variables x to extended future records	


• futures references  f  to future reference values 	


• C.m  to 	



BEHAVIOURAL TYPES
A Framework for Deadlock Detection in ABS 11

::= -- | X | [cog:c, x: ] | c  future record

::= 0 | 0.(c, c0) | C!m ( ) ! 0 | C!m ( ) ! 0.(c, c0) contract
| + | N

::= -- | X | [cog:c, x: ] | c  | f extended future record

::= ( , ) | ( , )X future reference values

Fig. 8 Syntax of future records and contracts.

methods and every object field and parameter of future
type is associated to a future reference. Assignments be-
tween these terms, such as x = y, amounts to copying
future references instead of the corresponding values (x
and y become aliases). The category collects the typ-
ing values of future references, which are either ( , )
or ( , )X (see the comments below).

The abstract behavior of methods is defined bymethod
contracts ( ) {h ,

0i} 0, where is the future record
of the receiver of the method, are the future records
of the arguments, h ,

0i is the abstract behavior of the
body, where is called present contract and 0 is called
future contract, and 0 is the future record of the re-
turned object.

Let us explain why we are using pairs of contracts to
define the abstract behavior of methods. In languages
with asynchronous method invocations and futures it
is possible to write a method m0 whose body asyn-
chronously invokes a method m1 of class C and waits
for the returned result. The contract of such a body is
= C!m1 [cog :c0]( ) ! --.(c, c

0) (c being the cog of the
caller). This contract adds the dependency pair (c, c0) to
the current state and, if the body of C.m1 only performs
a method invocation, let it be D!n [cog :c00]( ) ! -- (with-
out any get or await synchronization), then the invoca-
tion C!m1 [cog :c0]( ) ! -- does not contribute to the cur-
rent configuration with other dependency pairs (in this
case, the invocation of C!m1 terminates and releases the
lock of c0). However, it is possible that D!n [cog :c00]( ) !
-- introduces dependency pairs that a↵ect the config-
urations after the completion of m0 body, called fu-

ture configurations. Of course, in alternative to the di-
chotomy between present contract and future contract,
one might collect all the cog dependencies in the same
contract. This will imply that the cog dependencies in
di↵erent configurations will be gathered in the same set,
thus significantly reducing the precision of the analyses
in Sections 5 and 6.

Next, we discuss the presence of contracts U 0.
Consider the following statement

x = u!m1() ;

y = v!m2() ;

await x?

where m1 is the method described above and m2 is an-
other method of class C. This statement performs two
asynchronous invocations and an await-synchronization
on the first one. It is possible that the bodies of the
methods of the two invocations run in parallel by inter-
leaving their executions. Nevertheless, one may recog-
nize two di↵erent sets of configurations: (i) those cor-
responding to the present contract of the synchronized
invocation u!m1() and (ii) those corresponding to the
future contract of u!m1(). We observe that both (i) and
(ii) may be mixed up with (present and future) config-
urations of the unsynchronized invocation v!m2(). Ex-
actly this asymmetry is expressed by writing

C!m1 [cog :c0]( ) ! --.(c, c
0)wUC!m2 [cog :c0]( ) ! --

In general, there may be several unsynchronized invoca-
tions: we collect them by using the same operator U. For
instance, if there were two unsynchronized invocations
of m2, we would write

(C!m1 [cog :c0]( ) ! --.(c, c
0)wU

1

)U
2

)

where
1

= C!m2 [cog :c0]( ) ! -- and 2

= C!m2 [cog :c00]( ) !
--. See also the following definition of unsync(� ). (The
semantics of U guarantees that ( U

1

)U
2

= ( U
2

)U
1

,
see Sections 5 and 6.)

The subterm ( ) of the method contract is called
header ; 0 is called returned future record. We assume
that cog and record names in the header occur linearly.
Cog (and record) names in the header bind the cog (and
record) names in and in 0. The header and the re-
turned future record, written ( ) ! 0, are called con-
tract signature. In a method contract ( ) {h ,

0i} 0,
cog names occurring in or 0 or 0 may be not bound

by header. These free names correspond to new cog in-
structions and will be replaced by fresh cog names dur-
ing the analysis (every time the body of the method is
instantiated).
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where true is the constraint that is always true; = 0

is a classic unification constraint between terms; ( ) !
� 0( 0) ! 0 is a semiunification constraint; the

constraint U ^ U 0 is the conjunction of U and U 0.
The judgments of the inference algorithm have a

typing context � mapping variables to extended future
records, future references to future reference values and
methods to their signatures. They have the following
form:

– � `
c

e : for pure expressions e and � `
c

f :
for future references f , where c is the cog name of
the object executing the expression and and are
their inferred values.

– � `
c

z : , B � 0 for expressions with side e↵ects
z, where c, and are as for pure expressions e, is
the contract for z created by the inference rules, U is
the generated constraint, and � 0 is the environment
� with updates of variables and future references.
We use the same judgment for pure expressions; in
this case = 0, U = true and � 0 = � .

– for statements s: � `
c

s : B � 0 where c, and U
are as before, and � 0 is the environment obtained
after the execution of the statement. The environ-
ment may change because of variable updates.

Since � is a function, we use the standard predi-
cates x 2 dom(� ) or x 62 dom(� ). Let � [x 7! ] and
� [this.x 7! ] be the functions

� [x 7! ](y) =

⇢
if y = x

� (y) otherwise

� [this.x 7! ](y) =

8
><

>:

[x : , x : 0] if y = this and
� (this) = [x : 00

, x : 0]

� (y) otherwise

We also let � |{x
1

,··· ,x
n

} be the function

� |{x
1

,··· ,x
n

}(y) =

(
� (y) if y 2 {x

1

, · · · , x
n

}

undefined otherwise

and, provided that dom(� ) \ dom(� 0) = ?, the envi-
ronment � + � 0 be defined as follows

(� + � 0)(x)
def

=

⇢
� (x) if x 2 dom(� )
� 0(x) if x 2 dom(� 0)

E: ridefinito
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Finally, we write � (this.x) = whenever � (this) =
[x : , x : 0] and we let

Fut(� )
def

= {x | � (x) is a future reference}

Uunsync(� )
def

= (· · · ( U
1

) · · · )U
n

where {
1

, · · · ,
n

} = { 0 | there are f, : � (f) =
( , 0)}.

The inference rules for expressions and future ref-
erences are reported in Figure 9. They are straightfor-
ward, except for (T-Value) that performs the derefer-
ence of variables and return the future record stored in
the future reference of the variable. (T-Pure) lifts the
judgment of a pure expression to a judgment similar to
those for expressions with side-e↵ects. This expedient
allows us to simplify rules for statements.

Figure 9 also reports inference rules for expressions
with side e↵ects. Rule (T-Get) deals with the x.get syn-
chronization primitive and returns the contract .(c, c0)
Uunsync(� ), where is stored in the future reference of
x and (c, c0) represents a dependency between the cog
of the object executing the expression and the root of
the expression. The constraint = c0  X is used to
extract this root. The contract may have two shapes:
either (i) = C!m ( ) ! 0 or (ii) = 0. The sub-
term -Uunsync(� ) lets us collect all the contracts in �
that are stored in future references that are not check-

marked. In fact, these contracts correspond to previous
asynchronous invocations without any corresponding
synchronization (get or await operation) in the body.
The evaluations of these invocations may interleave with
the evaluation of the expression x.get. For this reason,
the intended meaning of unsync(� ) is that the cog de-
pendencies generated by the invocations must be col-
lected together with those generated by .(c, c0). We
also observe that the rule updates the environment by
check-marking the value of the future reference of x.
This allows subsequent get (and await) operations on
the same future reference not to modify the contract
(in fact, in this case they are operationally equivalent
to the skip statement) – see (T-Get-Tick).

Rule (T-NewCog) returns a record with a new cog
name. This is in contrast with (T-New), where the cog of
the returned record is the same of the object executing
the expression 2.

Rule (T-AInvk) derives contracts for asynchronous
invocations. Since the cog dependencies created by these
invocations influence the present cog dependencies only
if a subsequent get or await operation is performed, the
rule stores the invocation into a fresh future reference of

2 It is worth to recall that, in core ABS, the creation of
an object, either with a new or with a new cog, amounts to
executing the method init of the corresponding class, when-
ever defined (the new performs a synchronous invocation, the
new cog performs an asynchronous one). In turn, the termi-
nation of init triggers the execution of the method run, if
present. The method run is asynchronously invoked when
init is absent. Since init may be regarded as a method in
core ABS, the inference system in our tool explicitly intro-
duces a synchronous invocation to init in case of new and an
asynchronous one in case of new cog. However, for simplic-
ity, we overlook this (simple) issue in the rules (T-New) and
(T-NewCog), acting as if init and run are always absent.
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(T-Method)

fields(C) = T

f

x c fresh � (C.m) = [cog : c, x: ]( ){ } 0

� + this : [cog:c, x: ] + destiny : 0 `
c

s : B �

0

C,� ` T m (T y){T
l

w; s} : [cog : c, x: ]( ){ } 0

T-Class

C,� ` M : B U
� ` class C(T x) {T 0

x

0; M} : C.mname(M) 7! B U

T-Program

� ` C : S B U X,X

0
, f fresh � + x:X + x

0:f + f :(X0
, 0) `

start

s : B �

0
T are not future types

� ` I C {T x; Fut<T 0> x

0; s} : S, h , 0Uunsync(� 0)i B U ^ U

Fig. 11 Contract rules of method and class declarations and programs.

(c, c)w. The subsequent get operation does not in-
troduce any dependency pair because the future ref-
erence has a check-marked value in the environment.
In fact, in this case, the success of get is guaranteed,
provided the success of the await synchronization.

– fact nc has contract

[cog:c](--) {h0+Math!fact nc [cog:c0](--) ! --.(c, c0), 0i} --.

This method contract di↵ers from the previous ones
in that the receiver of the recursive invocation is a
free name (i.e., it is not bound by c in the header).
This because the recursive invocation is performed
on an object of a new cog (which is therefore di↵er-
ent from c). As a consequence, the dependency pair
added by the get relates the cog c of this with the
new cog c0.

Example 5 Figure 12 displays the contracts of the meth-
ods of class CpxSched in Figure 6.

According to the contract of the main function, the
two invocations of m2 are second arguments of U opera-
tors. This will give rise, in the analysis of contracts, to
the union of the corresponding cog relations.

We notice that the inference system of contracts
discussed in this section is modular because it par-
tially supports the separate contract inference of mod-
ules with a well-founded ordering relation. In particu-
lar, if a module B includes a module A then a patch to a
class of B amounts to inferring contracts for B only. On
the contrary, a patch to a class of A may also require a
new contract inference of B.

4.2 Correctness results

In our system, the ill-typed programs are those man-
ifesting a failure of the semiunification process, which
does not address misbehaviors. In particular, a program
may be well-typed and still manifest a deadlock, for in-
stance. In general, in systems with behavioral types, one
demonstrates that

1. in a well-typed program, every configuration cn has
a behavioral type, let us call it bt(cn);

2. if cn ! cn0 then there is a relationship between
bt(cn) and bt(cn0);

3. the relationship in 2 preserves a given property (in
our case, deadlock freeness).

Item 1, in the context of the inference system of
this section, means that the program has a contract
class table. Its proof needs a contract system for con-
figurations, which we have defined in Appendix A. The
theorem corresponding to this item is Theorem 5.

Item 2 requires the definition of a relation between
contracts, called later stage relation.

Definition 3 (E) Let E 0, say is at a later stage

than 0, be the least relation including the rules in Fig-
ure 13. We extend the definition to pairs, by defining
h

1

,

2

i E h 0
1

,

0
2

i if
1

E 0
1

and
2

E 0
2

.

This later stage relation is a syntactic relationship
between contracts whose basic law is that a method in-
vocation is larger than the instantiation of its method
contract (the other laws, except 0 E and

i

E
1

+
2

,
are congruence laws). We observe that the later stage
relation uses a substitution process that also performs a
pattern matching operation – therefore it is partial be-
cause the pattern matching may fail. In particular, [ / ]
(i) extracts the cog names and terms 0 in that corre-
sponds to occurrences of cog names and record variables
in and (ii) returns the corresponding substitution.

The statement that relates it to core ABS reduction
is Theorem 6. It is worth to observe that all the the-
oretical development up-to this point are useless if the
later stage relation conveyed no relevant property. This
is the purpose of item 3, which requires the definition of
contract models and the proof that deadlock-freedom is
preserved by the models of contracts in later stage rela-
tion. The reader can find the proofs of these statements
in the Appendices B and C (they correspond to the two
analysis techniques that we study).
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where true is the constraint that is always true; = 0

is a classic unification constraint between terms; ( ) !
� 0( 0) ! 0 is a semiunification constraint; the

constraint U ^ U 0 is the conjunction of U and U 0.
The judgments of the inference algorithm have a

typing context � mapping variables to extended future
records, future references to future reference values and
methods to their signatures. They have the following
form:

– � `
c

e : for pure expressions e and � `
c

f :
for future references f , where c is the cog name of
the object executing the expression and and are
their inferred values.

– � `
c

z : , B � 0 for expressions with side e↵ects
z, where c, and are as for pure expressions e, is
the contract for z created by the inference rules, U is
the generated constraint, and � 0 is the environment
� with updates of variables and future references.
We use the same judgment for pure expressions; in
this case = 0, U = true and � 0 = � .

– for statements s: � `
c

s : B � 0 where c, and U
are as before, and � 0 is the environment obtained
after the execution of the statement. The environ-
ment may change because of variable updates.

Since � is a function, we use the standard predi-
cates x 2 dom(� ) or x 62 dom(� ). Let � [x 7! ] and
� [this.x 7! ] be the functions

� [x 7! ](y) =

⇢
if y = x

� (y) otherwise

� [this.x 7! ](y) =

8
><

>:

[x : , x : 0] if y = this and
� (this) = [x : 00

, x : 0]

� (y) otherwise

We also let � |{x
1

,··· ,x
n

} be the function

� |{x
1

,··· ,x
n

}(y) =

(
� (y) if y 2 {x

1

, · · · , x
n

}

undefined otherwise

and, provided that dom(� ) \ dom(� 0) = ?, the envi-
ronment � + � 0 be defined as follows

(� + � 0)(x)
def

=

⇢
� (x) if x 2 dom(� )
� 0(x) if x 2 dom(� 0)

E: ridefinito

il + come
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Finally, we write � (this.x) = whenever � (this) =
[x : , x : 0] and we let

Fut(� )
def

= {x | � (x) is a future reference}

Uunsync(� )
def

= (· · · ( U
1

) · · · )U
n

where {
1

, · · · ,
n

} = { 0 | there are f, : � (f) =
( , 0)}.

The inference rules for expressions and future ref-
erences are reported in Figure 9. They are straightfor-
ward, except for (T-Value) that performs the derefer-
ence of variables and return the future record stored in
the future reference of the variable. (T-Pure) lifts the
judgment of a pure expression to a judgment similar to
those for expressions with side-e↵ects. This expedient
allows us to simplify rules for statements.

Figure 9 also reports inference rules for expressions
with side e↵ects. Rule (T-Get) deals with the x.get syn-
chronization primitive and returns the contract .(c, c0)
Uunsync(� ), where is stored in the future reference of
x and (c, c0) represents a dependency between the cog
of the object executing the expression and the root of
the expression. The constraint = c0  X is used to
extract this root. The contract may have two shapes:
either (i) = C!m ( ) ! 0 or (ii) = 0. The sub-
term -Uunsync(� ) lets us collect all the contracts in �
that are stored in future references that are not check-

marked. In fact, these contracts correspond to previous
asynchronous invocations without any corresponding
synchronization (get or await operation) in the body.
The evaluations of these invocations may interleave with
the evaluation of the expression x.get. For this reason,
the intended meaning of unsync(� ) is that the cog de-
pendencies generated by the invocations must be col-
lected together with those generated by .(c, c0). We
also observe that the rule updates the environment by
check-marking the value of the future reference of x.
This allows subsequent get (and await) operations on
the same future reference not to modify the contract
(in fact, in this case they are operationally equivalent
to the skip statement) – see (T-Get-Tick).

Rule (T-NewCog) returns a record with a new cog
name. This is in contrast with (T-New), where the cog of
the returned record is the same of the object executing
the expression 2.

Rule (T-AInvk) derives contracts for asynchronous
invocations. Since the cog dependencies created by these
invocations influence the present cog dependencies only
if a subsequent get or await operation is performed, the
rule stores the invocation into a fresh future reference of

2 It is worth to recall that, in core ABS, the creation of
an object, either with a new or with a new cog, amounts to
executing the method init of the corresponding class, when-
ever defined (the new performs a synchronous invocation, the
new cog performs an asynchronous one). In turn, the termi-
nation of init triggers the execution of the method run, if
present. The method run is asynchronously invoked when
init is absent. Since init may be regarded as a method in
core ABS, the inference system in our tool explicitly intro-
duces a synchronous invocation to init in case of new and an
asynchronous one in case of new cog. However, for simplic-
ity, we overlook this (simple) issue in the rules (T-New) and
(T-NewCog), acting as if init and run are always absent.
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where true is the constraint that is always true; = 0

is a classic unification constraint between terms; ( ) !
� 0( 0) ! 0 is a semiunification constraint; the

constraint U ^ U 0 is the conjunction of U and U 0.
The judgments of the inference algorithm have a

typing context � mapping variables to extended future
records, future references to future reference values and
methods to their signatures. They have the following
form:

– � `
c

e : for pure expressions e and � `
c

f :
for future references f , where c is the cog name of
the object executing the expression and and are
their inferred values.

– � `
c

z : , B � 0 for expressions with side e↵ects
z, where c, and are as for pure expressions e, is
the contract for z created by the inference rules, U is
the generated constraint, and � 0 is the environment
� with updates of variables and future references.
We use the same judgment for pure expressions; in
this case = 0, U = true and � 0 = � .

– for statements s: � `
c

s : B � 0 where c, and U
are as before, and � 0 is the environment obtained
after the execution of the statement. The environ-
ment may change because of variable updates.

Since � is a function, we use the standard predi-
cates x 2 dom(� ) or x 62 dom(� ). Let � [x 7! ] and
� [this.x 7! ] be the functions

� [x 7! ](y) =
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if y = x

� (y) otherwise

� [this.x 7! ](y) =
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undefined otherwise

and, provided that dom(� ) \ dom(� 0) = ?, the envi-
ronment � + � 0 be defined as follows

(� + � 0)(x)
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Finally, we write � (this.x) = whenever � (this) =
[x : , x : 0] and we let

Fut(� )
def

= {x | � (x) is a future reference}

Uunsync(� )
def

= (· · · ( U
1

) · · · )U
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where {
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, · · · ,
n

} = { 0 | there are f, : � (f) =
( , 0)}.

The inference rules for expressions and future ref-
erences are reported in Figure 9. They are straightfor-
ward, except for (T-Value) that performs the derefer-
ence of variables and return the future record stored in
the future reference of the variable. (T-Pure) lifts the
judgment of a pure expression to a judgment similar to
those for expressions with side-e↵ects. This expedient
allows us to simplify rules for statements.

Figure 9 also reports inference rules for expressions
with side e↵ects. Rule (T-Get) deals with the x.get syn-
chronization primitive and returns the contract .(c, c0)
Uunsync(� ), where is stored in the future reference of
x and (c, c0) represents a dependency between the cog
of the object executing the expression and the root of
the expression. The constraint = c0  X is used to
extract this root. The contract may have two shapes:
either (i) = C!m ( ) ! 0 or (ii) = 0. The sub-
term -Uunsync(� ) lets us collect all the contracts in �
that are stored in future references that are not check-

marked. In fact, these contracts correspond to previous
asynchronous invocations without any corresponding
synchronization (get or await operation) in the body.
The evaluations of these invocations may interleave with
the evaluation of the expression x.get. For this reason,
the intended meaning of unsync(� ) is that the cog de-
pendencies generated by the invocations must be col-
lected together with those generated by .(c, c0). We
also observe that the rule updates the environment by
check-marking the value of the future reference of x.
This allows subsequent get (and await) operations on
the same future reference not to modify the contract
(in fact, in this case they are operationally equivalent
to the skip statement) – see (T-Get-Tick).

Rule (T-NewCog) returns a record with a new cog
name. This is in contrast with (T-New), where the cog of
the returned record is the same of the object executing
the expression 2.

Rule (T-AInvk) derives contracts for asynchronous
invocations. Since the cog dependencies created by these
invocations influence the present cog dependencies only
if a subsequent get or await operation is performed, the
rule stores the invocation into a fresh future reference of

2 It is worth to recall that, in core ABS, the creation of
an object, either with a new or with a new cog, amounts to
executing the method init of the corresponding class, when-
ever defined (the new performs a synchronous invocation, the
new cog performs an asynchronous one). In turn, the termi-
nation of init triggers the execution of the method run, if
present. The method run is asynchronously invoked when
init is absent. Since init may be regarded as a method in
core ABS, the inference system in our tool explicitly intro-
duces a synchronous invocation to init in case of new and an
asynchronous one in case of new cog. However, for simplic-
ity, we overlook this (simple) issue in the rules (T-New) and
(T-NewCog), acting as if init and run are always absent.
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Finally, we write � (this.x) = whenever � (this) =
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The inference rules for expressions and future ref-
erences are reported in Figure 9. They are straightfor-
ward, except for (T-Value) that performs the derefer-
ence of variables and return the future record stored in
the future reference of the variable. (T-Pure) lifts the
judgment of a pure expression to a judgment similar to
those for expressions with side-e↵ects. This expedient
allows us to simplify rules for statements.

Figure 9 also reports inference rules for expressions
with side e↵ects. Rule (T-Get) deals with the x.get syn-
chronization primitive and returns the contract .(c, c0)
Uunsync(� ), where is stored in the future reference of
x and (c, c0) represents a dependency between the cog
of the object executing the expression and the root of
the expression. The constraint = c0  X is used to
extract this root. The contract may have two shapes:
either (i) = C!m ( ) ! 0 or (ii) = 0. The sub-
term -Uunsync(� ) lets us collect all the contracts in �
that are stored in future references that are not check-

marked. In fact, these contracts correspond to previous
asynchronous invocations without any corresponding
synchronization (get or await operation) in the body.
The evaluations of these invocations may interleave with
the evaluation of the expression x.get. For this reason,
the intended meaning of unsync(� ) is that the cog de-
pendencies generated by the invocations must be col-
lected together with those generated by .(c, c0). We
also observe that the rule updates the environment by
check-marking the value of the future reference of x.
This allows subsequent get (and await) operations on
the same future reference not to modify the contract
(in fact, in this case they are operationally equivalent
to the skip statement) – see (T-Get-Tick).

Rule (T-NewCog) returns a record with a new cog
name. This is in contrast with (T-New), where the cog of
the returned record is the same of the object executing
the expression 2.

Rule (T-AInvk) derives contracts for asynchronous
invocations. Since the cog dependencies created by these
invocations influence the present cog dependencies only
if a subsequent get or await operation is performed, the
rule stores the invocation into a fresh future reference of

2 It is worth to recall that, in core ABS, the creation of
an object, either with a new or with a new cog, amounts to
executing the method init of the corresponding class, when-
ever defined (the new performs a synchronous invocation, the
new cog performs an asynchronous one). In turn, the termi-
nation of init triggers the execution of the method run, if
present. The method run is asynchronously invoked when
init is absent. Since init may be regarded as a method in
core ABS, the inference system in our tool explicitly intro-
duces a synchronous invocation to init in case of new and an
asynchronous one in case of new cog. However, for simplic-
ity, we overlook this (simple) issue in the rules (T-New) and
(T-NewCog), acting as if init and run are always absent.
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where true is the constraint that is always true; = 0

is a classic unification constraint between terms; ( ) !
� 0( 0) ! 0 is a semiunification constraint; the

constraint U ^ U 0 is the conjunction of U and U 0.
The judgments of the inference algorithm have a

typing context � mapping variables to extended future
records, future references to future reference values and
methods to their signatures. They have the following
form:

– � `
c

e : for pure expressions e and � `
c

f :
for future references f , where c is the cog name of
the object executing the expression and and are
their inferred values.

– � `
c

z : , B � 0 for expressions with side e↵ects
z, where c, and are as for pure expressions e, is
the contract for z created by the inference rules, U is
the generated constraint, and � 0 is the environment
� with updates of variables and future references.
We use the same judgment for pure expressions; in
this case = 0, U = true and � 0 = � .

– for statements s: � `
c

s : B � 0 where c, and U
are as before, and � 0 is the environment obtained
after the execution of the statement. The environ-
ment may change because of variable updates.

Since � is a function, we use the standard predi-
cates x 2 dom(� ) or x 62 dom(� ). Let � [x 7! ] and
� [this.x 7! ] be the functions

� [x 7! ](y) =

⇢
if y = x

� (y) otherwise

� [this.x 7! ](y) =

8
><

>:

[x : , x : 0] if y = this and
� (this) = [x : 00

, x : 0]

� (y) otherwise

We also let � |{x
1

,··· ,x
n

} be the function

� |{x
1

,··· ,x
n

}(y) =

(
� (y) if y 2 {x

1

, · · · , x
n

}

undefined otherwise

and, provided that dom(� ) \ dom(� 0) = ?, the envi-
ronment � + � 0 be defined as follows

(� + � 0)(x)
def

=

⇢
� (x) if x 2 dom(� )
� 0(x) if x 2 dom(� 0)

E: ridefinito

il + come

unione dis-

giunta per

garantire

nella regola

che i due

rami non

scelgano

gli stessi

fresh names

per futures

diversi.

Finally, we write � (this.x) = whenever � (this) =
[x : , x : 0] and we let

Fut(� )
def

= {x | � (x) is a future reference}

Uunsync(� )
def

= (· · · ( U
1

) · · · )U
n

where {
1

, · · · ,
n

} = { 0 | there are f, : � (f) =
( , 0)}.

The inference rules for expressions and future ref-
erences are reported in Figure 9. They are straightfor-
ward, except for (T-Value) that performs the derefer-
ence of variables and return the future record stored in
the future reference of the variable. (T-Pure) lifts the
judgment of a pure expression to a judgment similar to
those for expressions with side-e↵ects. This expedient
allows us to simplify rules for statements.

Figure 9 also reports inference rules for expressions
with side e↵ects. Rule (T-Get) deals with the x.get syn-
chronization primitive and returns the contract .(c, c0)
Uunsync(� ), where is stored in the future reference of
x and (c, c0) represents a dependency between the cog
of the object executing the expression and the root of
the expression. The constraint = c0  X is used to
extract this root. The contract may have two shapes:
either (i) = C!m ( ) ! 0 or (ii) = 0. The sub-
term -Uunsync(� ) lets us collect all the contracts in �
that are stored in future references that are not check-

marked. In fact, these contracts correspond to previous
asynchronous invocations without any corresponding
synchronization (get or await operation) in the body.
The evaluations of these invocations may interleave with
the evaluation of the expression x.get. For this reason,
the intended meaning of unsync(� ) is that the cog de-
pendencies generated by the invocations must be col-
lected together with those generated by .(c, c0). We
also observe that the rule updates the environment by
check-marking the value of the future reference of x.
This allows subsequent get (and await) operations on
the same future reference not to modify the contract
(in fact, in this case they are operationally equivalent
to the skip statement) – see (T-Get-Tick).

Rule (T-NewCog) returns a record with a new cog
name. This is in contrast with (T-New), where the cog of
the returned record is the same of the object executing
the expression 2.

Rule (T-AInvk) derives contracts for asynchronous
invocations. Since the cog dependencies created by these
invocations influence the present cog dependencies only
if a subsequent get or await operation is performed, the
rule stores the invocation into a fresh future reference of

2 It is worth to recall that, in core ABS, the creation of
an object, either with a new or with a new cog, amounts to
executing the method init of the corresponding class, when-
ever defined (the new performs a synchronous invocation, the
new cog performs an asynchronous one). In turn, the termi-
nation of init triggers the execution of the method run, if
present. The method run is asynchronously invoked when
init is absent. Since init may be regarded as a method in
core ABS, the inference system in our tool explicitly intro-
duces a synchronous invocation to init in case of new and an
asynchronous one in case of new cog. However, for simplic-
ity, we overlook this (simple) issue in the rules (T-New) and
(T-NewCog), acting as if init and run are always absent.

[cog: c, x: X ]([ cog: c’, x: Y ]){ C!m [cog: c”, x: Y ]([cog: c, x: X ])→[cog: c”’, x: X].(c, c’’) } [cog: c”, x: Y ]	


=𝛼	



[cog: d, x: Z]([cog: d’, x: W]){ C!m [cog: d”, x: W]([cog: d, x: Z])→[cog: d”’, x: Z].(d, d’’) } [cog: d”, x: W]
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(T-Method)

fields(C) = T

f

x c fresh � (C.m) =
↵

[cog : c, x: ]( ){ } 0

� + this : [cog:c, x: ] + destiny : 0 `
c

s : B �

0

C,� ` T m (T y){T
l

w; s} : [cog : c, x: ]( ){ } 0

T-Class

C,� ` M : B U
� ` class C(T x) {T 0

x

0; M} : C.mname(M) 7! B U

T-Program

� ` C : S B U X,X

0
, f fresh � + x:X + x

0:f + f :(X0
, 0) `

start

s : B �

0
T are not future types

� ` I C {T x; Fut<T 0> x

0; s} : S, h , 0Uunsync(� 0)i B U ^ U

Fig. 11 Contract rules of method and class declarations and programs.

(c, c)w. The subsequent get operation does not in-
troduce any dependency pair because the future ref-
erence has a check-marked value in the environment.
In fact, in this case, the success of get is guaranteed,
provided the success of the await synchronization.

– fact nc has contract

[cog:c](--) {h0+Math!fact nc [cog:c0](--) ! --.(c, c0), 0i} --.

This method contract di↵ers from the previous ones
in that the receiver of the recursive invocation is a
free name (i.e., it is not bound by c in the header).
This because the recursive invocation is performed
on an object of a new cog (which is therefore di↵er-
ent from c). As a consequence, the dependency pair
added by the get relates the cog c of this with the
new cog c0.

Example 5 Figure 12 displays the contracts of the meth-
ods of class CpxSched in Figure 6.

According to the contract of the main function, the
two invocations of m2 are second arguments of U opera-
tors. This will give rise, in the analysis of contracts, to
the union of the corresponding cog relations.

We notice that the inference system of contracts
discussed in this section is modular because it par-
tially supports the separate contract inference of mod-
ules with a well-founded ordering relation. In particu-
lar, if a module B includes a module A then a patch to a
class of B amounts to inferring contracts for B only. On
the contrary, a patch to a class of A may also require a
new contract inference of B.

4.2 Correctness results

In our system, the ill-typed programs are those man-
ifesting a failure of the semiunification process, which
does not address misbehaviors. In particular, a program
may be well-typed and still manifest a deadlock, for in-
stance. In general, in systems with behavioral types, one
demonstrates that

1. in a well-typed program, every configuration cn has
a behavioral type, let us call it bt(cn);

2. if cn ! cn0 then there is a relationship between
bt(cn) and bt(cn0);

3. the relationship in 2 preserves a given property (in
our case, deadlock freeness).

Item 1, in the context of the inference system of
this section, means that the program has a contract
class table. Its proof needs a contract system for con-
figurations, which we have defined in Appendix A. The
theorem corresponding to this item is Theorem 5.

Item 2 requires the definition of a relation between
contracts, called later stage relation.

Definition 3 (E) Let E 0, say is at a later stage

than 0, be the least relation including the rules in Fig-
ure 13. We extend the definition to pairs, by defining
h

1

,

2

i E h 0
1

,

0
2

i if
1

E 0
1

and
2

E 0
2

.

This later stage relation is a syntactic relationship
between contracts whose basic law is that a method in-
vocation is larger than the instantiation of its method
contract (the other laws, except 0 E and

i

E
1

+
2

,
are congruence laws). We observe that the later stage
relation uses a substitution process that also performs a
pattern matching operation – therefore it is partial be-
cause the pattern matching may fail. In particular, [ / ]
(i) extracts the cog names and terms 0 in that corre-
sponds to occurrences of cog names and record variables
in and (ii) returns the corresponding substitution.

The statement that relates it to core ABS reduction
is Theorem 6. It is worth to observe that all the the-
oretical development up-to this point are useless if the
later stage relation conveyed no relevant property. This
is the purpose of item 3, which requires the definition of
contract models and the proof that deadlock-freedom is
preserved by the models of contracts in later stage rela-
tion. The reader can find the proofs of these statements
in the Appendices B and C (they correspond to the two
analysis techniques that we study).
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expressions and addresses

(T-Var)

� (x) =

� `
c

x :

(T-Fut)

� (f) =

� `
c

f :

(T-Field)

x 62 dom(� ) � (this.x) =

� `
c

x :

(T-Value)

� `
c

e : f � `
c

f : ( , )[X]

� `
c

e :

(T-Val)

e primitive value or arithmetic-and-bool-exp

� `
c

e : --

(T-Pure)

� `
c

e :

� `
c

e : , 0 B �

expressions with side e↵ects

(T-Get)

� `
c

x : f � `
c

f : (c0  , ) �

0 = � [f 7! (c0  , )X]

� `
c

x.get : X, .(c, c0)Nunsync(� 0) B �

0

(T-Get-tick)

� `
c

x : f � `
c

f : (c0  , )X

� `
c

x.get : , 0 B �

(T-NewCog)

� `
c

e :
fields(C) = T x c0 fresh

� `
c

new cog C(e) : [cog:c0, x: ], 0 B �

(T-New)

� `
c

e :
fields(C) = T x

� `
c

new C(e) : [cog:c, x: ], 0 B �

(T-AInvk)

� `
c

e : [cog:c0, x: ] � `
c

e : � ` C.m : [cog:c0, x: ]( ){ } 0

class(types(e)) = C fields(C) = T x f fresh

� `
c

e!m(e) : f, 0 B � [f 7! (c0  0
, C!m ( ) ! 0)]

Fig. 9 Contract inference for expressions and expressions with side e↵ects.

statements

(T-Field-Record)

x 62 dom(� ) � (this.x) =
� `

c

z : 0
, B �

0

� `
c

x = z : B �

0

(T-Var-Record)

� `
c

z : , B �

0

� `
c

x = z : B �

0[x 7! ]

(T-Var-Future)

� `
c

z : f, B �

0

� `
c

x = z : B �

0[x 7! f ]

(T-If)

� `
c

e : Bool � `
c

s

1

:
1

B �

1

� `
c

s

2

:
2

B �

2

(
^

x2dom(� )

�

1

(x) = �

2

(x)) ^ (
^

x2Fut(� )

�

1

(�
1

(x)) = �

2

(�
2

(x)))

�

0 = �

1

+ �

2

|{f | f /2�

2

(Fut(� ))}

� `
c

if e { s
1

} else { s
2

} :
1

+
2

B �

0

(T-Seq)

� `
c

s

1

:
1

B �

1

�

1

`
c

s

2

:
2

B �

2

� `
c

s

1

; s
2

:
1

+
2

B �

2

(T-Return)

� `
c

e : � (destiny) =

� `
c

return e : 0 B �

Fig. 10 Contract inference for statements.

4.1 Inference of contracts

Contracts are extracted from core ABS programs by
means of an inference algorithm. Figures 9 and 11 illus-
trate the set of rules. The following auxiliary operators
are used:

– fields(C) and param(C) respectively return the se-
quence of fields and parameters and their types of a
class C. Sometime we write fields(C) = T x, Fut<T 0>x0

to separate fields with a non-future type by those
with future types. Similarly for parameters;

– types(e) returns the type of an expression e, which
is either an interface (when e is an object) or a data
type;

– class(I) returns the unique (see the restriction In-
terfaces in Section 3) class implementing I; and

– mname(M) returns the sequence of method names
in the sequence M of method declarations.

The inference algorithm uses constraints U , which
are defined by the following syntax

U ::= true | c = c0 | = 0 | ( ) ! � 0( 0) ! 0

| U ^ U
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(T-Method)

fields(C) = T

f

x c fresh � (C.m) =
↵

[cog : c, x: ]( ){ } 0

� + this : [cog:c, x: ] + destiny : 0 `
c

s : B �

0

C,� ` T m (T y){T
l

w; s} : [cog : c, x: ]( ){ } 0

T-Class

C,� ` M : B U
� ` class C(T x) {T 0

x

0; M} : C.mname(M) 7! B U

T-Program

� ` C : S B U X,X

0
, f fresh � + x:X + x

0:f + f :(X0
, 0) `

start

s : B �

0
T are not future types

� ` I C {T x; Fut<T 0> x

0; s} : S, h , 0Uunsync(� 0)i B U ^ U

Fig. 11 Contract rules of method and class declarations and programs.

(c, c)w. The subsequent get operation does not in-
troduce any dependency pair because the future ref-
erence has a check-marked value in the environment.
In fact, in this case, the success of get is guaranteed,
provided the success of the await synchronization.

– fact nc has contract

[cog:c](--) {h0+Math!fact nc [cog:c0](--) ! --.(c, c0), 0i} --.

This method contract di↵ers from the previous ones
in that the receiver of the recursive invocation is a
free name (i.e., it is not bound by c in the header).
This because the recursive invocation is performed
on an object of a new cog (which is therefore di↵er-
ent from c). As a consequence, the dependency pair
added by the get relates the cog c of this with the
new cog c0.

Example 5 Figure 12 displays the contracts of the meth-
ods of class CpxSched in Figure 6.

According to the contract of the main function, the
two invocations of m2 are second arguments of U opera-
tors. This will give rise, in the analysis of contracts, to
the union of the corresponding cog relations.

We notice that the inference system of contracts
discussed in this section is modular because it par-
tially supports the separate contract inference of mod-
ules with a well-founded ordering relation. In particu-
lar, if a module B includes a module A then a patch to a
class of B amounts to inferring contracts for B only. On
the contrary, a patch to a class of A may also require a
new contract inference of B.

4.2 Correctness results

In our system, the ill-typed programs are those man-
ifesting a failure of the semiunification process, which
does not address misbehaviors. In particular, a program
may be well-typed and still manifest a deadlock, for in-
stance. In general, in systems with behavioral types, one
demonstrates that

1. in a well-typed program, every configuration cn has
a behavioral type, let us call it bt(cn);

2. if cn ! cn0 then there is a relationship between
bt(cn) and bt(cn0);

3. the relationship in 2 preserves a given property (in
our case, deadlock freeness).

Item 1, in the context of the inference system of
this section, means that the program has a contract
class table. Its proof needs a contract system for con-
figurations, which we have defined in Appendix A. The
theorem corresponding to this item is Theorem 5.

Item 2 requires the definition of a relation between
contracts, called later stage relation.

Definition 3 (E) Let E 0, say is at a later stage

than 0, be the least relation including the rules in Fig-
ure 13. We extend the definition to pairs, by defining
h

1

,

2

i E h 0
1

,

0
2

i if
1

E 0
1

and
2

E 0
2

.

This later stage relation is a syntactic relationship
between contracts whose basic law is that a method in-
vocation is larger than the instantiation of its method
contract (the other laws, except 0 E and

i

E
1

+
2

,
are congruence laws). We observe that the later stage
relation uses a substitution process that also performs a
pattern matching operation – therefore it is partial be-
cause the pattern matching may fail. In particular, [ / ]
(i) extracts the cog names and terms 0 in that corre-
sponds to occurrences of cog names and record variables
in and (ii) returns the corresponding substitution.

The statement that relates it to core ABS reduction
is Theorem 6. It is worth to observe that all the the-
oretical development up-to this point are useless if the
later stage relation conveyed no relevant property. This
is the purpose of item 3, which requires the definition of
contract models and the proof that deadlock-freedom is
preserved by the models of contracts in later stage rela-
tion. The reader can find the proofs of these statements
in the Appendices B and C (they correspond to the two
analysis techniques that we study).
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(T-Method)

fields(C) = T

f

x c fresh � (C.m) =
↵

[cog : c, x: ]( ){ } 0

� + this : [cog:c, x: ] + destiny : 0 `
c

s : B �

0

C,� ` T m (T y){T
l

w; s} : [cog : c, x: ]( ){ } 0

T-Class

C,� ` M : B U
� ` class C(T x) {T 0

x

0; M} : C.mname(M) 7! B U

T-Program

� ` C : S B U X,X

0
, f fresh � + x:X + x

0:f + f :(X0
, 0) `

start

s : B �

0
T are not future types

� ` I C {T x; Fut<T 0> x

0; s} : S, h , 0Uunsync(� 0)i B U ^ U

Fig. 11 Contract rules of method and class declarations and programs.

(c, c)w. The subsequent get operation does not in-
troduce any dependency pair because the future ref-
erence has a check-marked value in the environment.
In fact, in this case, the success of get is guaranteed,
provided the success of the await synchronization.

– fact nc has contract

[cog:c](--) {h0+Math!fact nc [cog:c0](--) ! --.(c, c0), 0i} --.

This method contract di↵ers from the previous ones
in that the receiver of the recursive invocation is a
free name (i.e., it is not bound by c in the header).
This because the recursive invocation is performed
on an object of a new cog (which is therefore di↵er-
ent from c). As a consequence, the dependency pair
added by the get relates the cog c of this with the
new cog c0.

Example 5 Figure 12 displays the contracts of the meth-
ods of class CpxSched in Figure 6.

According to the contract of the main function, the
two invocations of m2 are second arguments of U opera-
tors. This will give rise, in the analysis of contracts, to
the union of the corresponding cog relations.

We notice that the inference system of contracts
discussed in this section is modular because it par-
tially supports the separate contract inference of mod-
ules with a well-founded ordering relation. In particu-
lar, if a module B includes a module A then a patch to a
class of B amounts to inferring contracts for B only. On
the contrary, a patch to a class of A may also require a
new contract inference of B.

4.2 Correctness results

In our system, the ill-typed programs are those man-
ifesting a failure of the semiunification process, which
does not address misbehaviors. In particular, a program
may be well-typed and still manifest a deadlock, for in-
stance. In general, in systems with behavioral types, one
demonstrates that

1. in a well-typed program, every configuration cn has
a behavioral type, let us call it bt(cn);

2. if cn ! cn0 then there is a relationship between
bt(cn) and bt(cn0);

3. the relationship in 2 preserves a given property (in
our case, deadlock freeness).

Item 1, in the context of the inference system of
this section, means that the program has a contract
class table. Its proof needs a contract system for con-
figurations, which we have defined in Appendix A. The
theorem corresponding to this item is Theorem 5.

Item 2 requires the definition of a relation between
contracts, called later stage relation.

Definition 3 (E) Let E 0, say is at a later stage

than 0, be the least relation including the rules in Fig-
ure 13. We extend the definition to pairs, by defining
h

1

,

2

i E h 0
1

,

0
2

i if
1

E 0
1

and
2

E 0
2

.

This later stage relation is a syntactic relationship
between contracts whose basic law is that a method in-
vocation is larger than the instantiation of its method
contract (the other laws, except 0 E and

i

E
1

+
2

,
are congruence laws). We observe that the later stage
relation uses a substitution process that also performs a
pattern matching operation – therefore it is partial be-
cause the pattern matching may fail. In particular, [ / ]
(i) extracts the cog names and terms 0 in that corre-
sponds to occurrences of cog names and record variables
in and (ii) returns the corresponding substitution.

The statement that relates it to core ABS reduction
is Theorem 6. It is worth to observe that all the the-
oretical development up-to this point are useless if the
later stage relation conveyed no relevant property. This
is the purpose of item 3, which requires the definition of
contract models and the proof that deadlock-freedom is
preserved by the models of contracts in later stage rela-
tion. The reader can find the proofs of these statements
in the Appendices B and C (they correspond to the two
analysis techniques that we study).

example:	


[cog: d, x: 𝕣 ]([cog: d', x: 𝕣' ]){ C!m [cog: d”, x: 𝕣’ ]([cog: d, x: 𝕣 ])→[cog: d”’, x: 𝕣 ].(d, d’’) } [cog: d”, x: 𝕣’]	



is an instance of	



[cog: c, x: X ]([ cog: c’, x: Y ]){ C!m [cog: c”, x: Y ]([cog: c, x: X ])→[cog: c”’, x: X].(c, c’’) } [cog: c”, x: Y ]

let also
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where true is the constraint that is always true; = 0

is a classic unification constraint between terms; ( ) !
� 0( 0) ! 0 is a semiunification constraint; the

constraint U ^ U 0 is the conjunction of U and U 0.
The judgments of the inference algorithm have a

typing context � mapping variables to extended future
records, future references to future reference values and
methods to their signatures. They have the following
form:

– � `
c

e : for pure expressions e and � `
c

f :
for future references f , where c is the cog name of
the object executing the expression and and are
their inferred values.

– � `
c

z : , B � 0 for expressions with side e↵ects
z, where c, and are as for pure expressions e, is
the contract for z created by the inference rules, U is
the generated constraint, and � 0 is the environment
� with updates of variables and future references.
We use the same judgment for pure expressions; in
this case = 0, U = true and � 0 = � .

– for statements s: � `
c

s : B � 0 where c, and U
are as before, and � 0 is the environment obtained
after the execution of the statement. The environ-
ment may change because of variable updates.

Since � is a function, we use the standard predi-
cates x 2 dom(� ) or x 62 dom(� ). Let � [x 7! ] and
� [this.x 7! ] be the functions

� [x 7! ](y) =

⇢
if y = x

� (y) otherwise

� [this.x 7! ](y) =

8
><

>:

[x : , x : 0] if y = this and
� (this) = [x : 00

, x : 0]

� (y) otherwise

We also let � |{x
1

,··· ,x
n

} be the function

� |{x
1

,··· ,x
n

}(y) =

(
� (y) if y 2 {x

1

, · · · , x
n

}

undefined otherwise

and, provided that dom(� ) \ dom(� 0) = ?, the envi-
ronment � + � 0 be defined as follows

(� + � 0)(x)
def

=

⇢
� (x) if x 2 dom(� )
� 0(x) if x 2 dom(� 0)

E: ridefinito

il + come

unione dis-

giunta per

garantire

nella regola

che i due

rami non

scelgano

gli stessi

fresh names

per futures

diversi.

Finally, we write � (this.x) = whenever � (this) =
[x : , x : 0] and we let

Fut(� )
def

= {x | � (x) is a future reference}

Uunsync(� )
def

= (· · · ( U
1

) · · · )U
n

where {
1

, · · · ,
n

} = { 0 | there are f, : � (f) =
( , 0)}.

unsync(� )
def

= N{ | there are f, : � (f) = ( , )}

The inference rules for expressions and future ref-
erences are reported in Figure 9. They are straightfor-
ward, except for (T-Value) that performs the derefer-
ence of variables and return the future record stored in
the future reference of the variable. (T-Pure) lifts the
judgment of a pure expression to a judgment similar to
those for expressions with side-e↵ects. This expedient
allows us to simplify rules for statements.

Figure 9 also reports inference rules for expressions
with side e↵ects. Rule (T-Get) deals with the x.get syn-
chronization primitive and returns the contract .(c, c0)
Uunsync(� ), where is stored in the future reference of
x and (c, c0) represents a dependency between the cog
of the object executing the expression and the root of
the expression. The constraint = c0  X is used to
extract this root. The contract may have two shapes:
either (i) = C!m ( ) ! 0 or (ii) = 0. The sub-
term -Uunsync(� ) lets us collect all the contracts in �
that are stored in future references that are not check-
marked. In fact, these contracts correspond to previous
asynchronous invocations without any corresponding
synchronization (get or await operation) in the body.
The evaluations of these invocations may interleave with
the evaluation of the expression x.get. For this reason,
the intended meaning of unsync(� ) is that the cog de-
pendencies generated by the invocations must be col-
lected together with those generated by .(c, c0). We
also observe that the rule updates the environment by
check-marking the value of the future reference of x.
This allows subsequent get (and await) operations on
the same future reference not to modify the contract
(in fact, in this case they are operationally equivalent
to the skip statement) – see (T-Get-Tick).

Rule (T-NewCog) returns a record with a new cog
name. This is in contrast with (T-New), where the cog of
the returned record is the same of the object executing
the expression 2.

2 It is worth to recall that, in core ABS, the creation of
an object, either with a new or with a new cog, amounts to
executing the method init of the corresponding class, when-
ever defined (the new performs a synchronous invocation, the
new cog performs an asynchronous one). In turn, the termi-
nation of init triggers the execution of the method run, if
present. The method run is asynchronously invoked when
init is absent. Since init may be regarded as a method in
core ABS, the inference system in our tool explicitly intro-
duces a synchronous invocation to init in case of new and an
asynchronous one in case of new cog. However, for simplic-
ity, we overlook this (simple) issue in the rules (T-New) and
(T-NewCog), acting as if init and run are always absent.
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expressions and addresses

(T-Var)

� (x) =

� `
c

x :

(T-Fut)

� (f) =

� `
c

f :

(T-Field)

x 62 dom(� ) � (this.x) =

� `
c

x :

(T-Value)

� `
c

e : f � `
c

f : ( , )[X]

� `
c

e :

(T-Val)

e primitive value or arithmetic-and-bool-exp

� `
c

e : --

(T-Pure)

� `
c

e :

� `
c

e : , 0 B �

expressions with side e↵ects

(T-Get)

� `
c

x : f � `
c

f : (c0  , ) �

0 = � [f 7! (c0  , )X]

� `
c

x.get : X, .(c, c0)Nunsync(� 0) B �

0

(T-Get-tick)

� `
c

x : f � `
c

f : (c0  , )X

� `
c

x.get : , 0 B �

(T-NewCog)

� `
c

e :
fields(C) = T x c0 fresh

� `
c

new cog C(e) : [cog:c0, x: ], 0 B �

(T-New)

� `
c

e :
fields(C) = T x

� `
c

new C(e) : [cog:c, x: ], 0 B �

(T-AInvk)

� `
c

e : [cog:c0, x: ] � `
c

e : � ` C.m : [cog:c0, x: ]( ){ } 0

class(types(e)) = C fields(C) = T x f fresh

� `
c

e!m(e) : f, 0 B � [f 7! (c0  0
, C!m ( ) ! 0)]

Fig. 9 Contract inference for expressions and expressions with side e↵ects.

statements

(T-Field-Record)

x 62 dom(� ) � (this.x) =
� `

c

z : 0
, B �

0

� `
c

x = z : B �

0

(T-Var-Record)

� (x) =
� `

c

z : 0
, B �

0

� `
c

x = z : B �

0[x 7! 0]

(T-Var-Future)

� (x) = f � `
c

z : f 0
, B �

0

� `
c

x = z : 0 B �

0[x 7! f

0]

(T-If)

� `
c

e : Bool � `
c

s

1

:
1

B �

1

� `
c

s

2

:
2

B �

2

(
^

x2dom(� )

�

1

(x) = �

2

(x)) ^ (
^

x2Fut(� )

�

1

(�
1

(x)) = �

2

(�
2

(x)))

�

0 = �

1

+ �

2

|{f | f /2�

2

(Fut(� ))}

� `
c

if e { s
1

} else { s
2

} :
1

+
2

B �

0

(T-Seq)

� `
c

s

1

:
1

B �

1

�

1

`
c

s

2

:
2

B �

2

� `
c

s

1

; s
2

:
1

+
2

B �

2

(T-Return)

� `
c

e : � (destiny) =

� `
c

return e : 0 B �

Fig. 10 Contract inference for statements.

4.1 Inference of contracts

Contracts are extracted from core ABS programs by
means of an inference algorithm. Figures 9 and 11 illus-
trate the set of rules. The following auxiliary operators
are used:

– fields(C) and param(C) respectively return the se-
quence of fields and parameters and their types of a
class C. Sometime we write fields(C) = T x, Fut<T 0>x0

to separate fields with a non-future type by those
with future types. Similarly for parameters;

– types(e) returns the type of an expression e, which
is either an interface (when e is an object) or a data
type;

– class(I) returns the unique (see the restriction In-
terfaces in Section 3) class implementing I; and

– mname(M) returns the sequence of method names
in the sequence M of method declarations.

The inference algorithm uses constraints U , which
are defined by the following syntax

U ::= true | c = c0 | = 0 | ( ) ! � 0( 0) ! 0

| U ^ U
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expressions and addresses
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f :
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x :
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e :

(T-Val)

e primitive value or arithmetic-and-bool-exp
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e : --

(T-Pure)
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e :
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expressions with side e↵ects

(T-Get)

� `
c

x : f � `
c

f : (c0  , ) �
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� `
c

x.get : X, .(c, c0)Nunsync(� 0) B �
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(T-Get-tick)

� `
c

x : f � `
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� `
c
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(T-New)

� `
c

e :
fields(C) = T x c0 fresh

� `
c

new C(e) : [cog:c0, x: ], 0 B �

(T-NewLocal)

� `
c

e :
fields(C) = T x

� `
c
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(T-AInvk)

� `
c

e : [cog:c0, x: ] � `
c

e : � ` C.m : [cog:c0, x: ]( ){ } 0

class(types(e)) = C fields(C) = T x f fresh

� `
c

e!m(e) : f, 0 B � [f 7! (c0  0
, C!m ( ) ! 0)]

Fig. 9 Contract inference for expressions and expressions with side e↵ects.
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(T-Field-Record)

x 62 dom(� ) � (this.x) =
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0

� `
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x = z : B �

0

(T-Var-Record)

� `
c

z : , B �

0

� `
c

x = z : B �

0[x 7! ]

(T-Var-Future)

� `
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0

� `
c

x = z : B �

0[x 7! f ]

(T-If)

� `
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e : Bool � `
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s
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B �
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B �
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�

1

(�
1

(x)) = �
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(�
2

(x)))

�

0 = �
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+ �

2

|{f | f /2�

2

(Fut(� ))}

� `
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if e { s
1

} else { s
2
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1
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2

B �

0

(T-Seq)

� `
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:
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B �

1

�

1

`
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:
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B �

2

� `
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; s
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+
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(T-Return)
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e : � (destiny) =

� `
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return e : 0 B �

Fig. 10 Contract inference for statements.

4.1 Inference of contracts

Contracts are extracted from core ABS programs by
means of an inference algorithm. Figures 9 and 11 illus-
trate the set of rules. The following auxiliary operators
are used:

– fields(C) and param(C) respectively return the se-
quence of fields and parameters and their types of a
class C. Sometime we write fields(C) = T x, Fut<T 0>x0

to separate fields with a non-future type by those
with future types. Similarly for parameters;

– types(e) returns the type of an expression e, which
is either an interface (when e is an object) or a data
type;

– class(I) returns the unique (see the restriction In-
terfaces in Section 3) class implementing I; and

– mname(M) returns the sequence of method names
in the sequence M of method declarations.

The inference algorithm uses constraints U , which
are defined by the following syntax

U ::= true | c = c0 | = 0 | ( ) ! � 0( 0) ! 0

| U ^ U
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4.1 Inference of contracts

Contracts are extracted from core ABS programs by
means of an inference algorithm. Figures 9 and 11 illus-
trate the set of rules. The following auxiliary operators
are used:

– fields(C) and param(C) respectively return the se-
quence of fields and parameters and their types of a
class C. Sometime we write fields(C) = T x, Fut<T 0>x0

to separate fields with a non-future type by those
with future types. Similarly for parameters;

– types(e) returns the type of an expression e, which
is either an interface (when e is an object) or a data
type;

– class(I) returns the unique (see the restriction In-
terfaces in Section 3) class implementing I; and

– mname(M) returns the sequence of method names
in the sequence M of method declarations.

The inference algorithm uses constraints U , which
are defined by the following syntax

U ::= true | c = c0 | = 0 | ( ) ! � 0( 0) ! 0

| U ^ U
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(T-Method)

fields(C) = T

f

x c fresh � (C.m) =
↵

[cog : c, x: ]( ){ } 0

� + this : [cog:c, x: ] + destiny : 0 `
c

s : B �

0

C,� ` T m (T y){T
l

w; s} : [cog : c, x: ]( ){ } 0

T-Class

C,� ` M : B U
� ` class C(T x) {T 0

x

0; M} : C.mname(M) 7! B U

T-Program

� ` C : S B U X,X

0
, f fresh � + x:X + x

0:f + f :(X0
, 0) `

start

s : B �

0
T are not future types

� ` I C {T x; Fut<T 0> x

0; s} : S, h , 0Uunsync(� 0)i B U ^ U

Fig. 11 Contract rules of method and class declarations and programs.

(c, c)w. The subsequent get operation does not in-
troduce any dependency pair because the future ref-
erence has a check-marked value in the environment.
In fact, in this case, the success of get is guaranteed,
provided the success of the await synchronization.

– fact nc has contract

[cog:c](--) {h0+Math!fact nc [cog:c0](--) ! --.(c, c0), 0i} --.

This method contract di↵ers from the previous ones
in that the receiver of the recursive invocation is a
free name (i.e., it is not bound by c in the header).
This because the recursive invocation is performed
on an object of a new cog (which is therefore di↵er-
ent from c). As a consequence, the dependency pair
added by the get relates the cog c of this with the
new cog c0.

Example 5 Figure 12 displays the contracts of the meth-
ods of class CpxSched in Figure 6.

According to the contract of the main function, the
two invocations of m2 are second arguments of U opera-
tors. This will give rise, in the analysis of contracts, to
the union of the corresponding cog relations.

We notice that the inference system of contracts
discussed in this section is modular because it par-
tially supports the separate contract inference of mod-
ules with a well-founded ordering relation. In particu-
lar, if a module B includes a module A then a patch to a
class of B amounts to inferring contracts for B only. On
the contrary, a patch to a class of A may also require a
new contract inference of B.

4.2 Correctness results

In our system, the ill-typed programs are those man-
ifesting a failure of the semiunification process, which
does not address misbehaviors. In particular, a program
may be well-typed and still manifest a deadlock, for in-
stance. In general, in systems with behavioral types, one
demonstrates that

1. in a well-typed program, every configuration cn has
a behavioral type, let us call it bt(cn);

2. if cn ! cn0 then there is a relationship between
bt(cn) and bt(cn0);

3. the relationship in 2 preserves a given property (in
our case, deadlock freeness).

Item 1, in the context of the inference system of
this section, means that the program has a contract
class table. Its proof needs a contract system for con-
figurations, which we have defined in Appendix A. The
theorem corresponding to this item is Theorem 5.

Item 2 requires the definition of a relation between
contracts, called later stage relation.

Definition 3 (E) Let E 0, say is at a later stage

than 0, be the least relation including the rules in Fig-
ure 13. We extend the definition to pairs, by defining
h

1

,

2

i E h 0
1

,

0
2

i if
1

E 0
1

and
2

E 0
2

.

This later stage relation is a syntactic relationship
between contracts whose basic law is that a method in-
vocation is larger than the instantiation of its method
contract (the other laws, except 0 E and

i

E
1

+
2

,
are congruence laws). We observe that the later stage
relation uses a substitution process that also performs a
pattern matching operation – therefore it is partial be-
cause the pattern matching may fail. In particular, [ / ]
(i) extracts the cog names and terms 0 in that corre-
sponds to occurrences of cog names and record variables
in and (ii) returns the corresponding substitution.

The statement that relates it to core ABS reduction
is Theorem 6. It is worth to observe that all the the-
oretical development up-to this point are useless if the
later stage relation conveyed no relevant property. This
is the purpose of item 3, which requires the definition of
contract models and the proof that deadlock-freedom is
preserved by the models of contracts in later stage rela-
tion. The reader can find the proofs of these statements
in the Appendices B and C (they correspond to the two
analysis techniques that we study).
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Fig. 24 Definition of )

(TR-Cont)

�(f) = (c , )

� `c

R

cont(f) : 0

(TR-Future)

�(f) = (c , ) val 6= ? ) �(val) =

� `
R

fut(f, val) : 0

(TR-Cog)

�(c) = cog

� `
R

cog(c, act) : 0

(TR-Invoc)

�(f) = (c 0
, C!m ( ) ! 0) �(v) = �(o) =

� `
R

invoc(o, f,m, v) : f [C!m ( ) ! 0]

(TR-Process)

�

0 = �[x 7! ] �

0 `c

R

s : | �00
� `

R

val:

� `c

R

{destiny 7! f ; x 7! val| s} : h , 0Urt unsync(�00)i
f

(TR-Object)

�(o) = [cog : c, x: ] � `
R

val : � `c

R

p : � `c

R

p :

� `
R

ob(o, cog 7! c;x 7! val, p, p) : k

(TR-Idle)

� `
R

idle : 0

(TR-Configurations)

� `
R

ob(o, a, p, q) :
o

� `
R

invoc(o, f,m, v) :
i

� `
R

fut(f, val) : 0 � `
R

cog(c
k

, act) : 0

� `
R

ob(o, a, p, q) invoc(o, f,m, v) fut(f, val) cog(c, act) : Lk
o

k
i

M

Fig. 25 The typing rules for runtime configurations.

Theorem 6 (Subject Reduction) Let � `
R

cn : h
1

,

2

i
and cn ! cn

0. Then there exist �0, h 0
1

,

0
2

i, and an injective
renaming of cog names ı such that

– �

0 `
R

cn

0 : h 0
1

,

0
2

i and
– ı(h 0

1

,

0
2

i) E h
1

,

2

i.

Theorem (Subject Reduction) Let � ` cn : and cn !
cn

0. Then there exist � 0, 0 such that

– �

0 ` cn

0 : 0 and
– if 0 has a circularity then also has a circularity.

Proof The proof is a case analysis on the reduction rule used
in cn ! cn

0 and we assume that the evaluation of an expres-
sion [[e]]

�

always terminates. We focus on the most interesting
cases. We remark that the injective renaming ı is used to iden-
tify fresh cog names that are created by the static analysis
with fresh cog names that are created by the operational se-
mantics. In fact, the renaming is not the identity only in the
case of cog creation (second case below).

– Object creation.

(New-Object)

o

0 = fresh(C) p = init(C, o0) a

0 = atts(C, [[e]]
(a+l)

, c)
ob(o, a, {l | x = new C(e); s}, q) cog(c, o)

! ob(o, a, {l | x = o

0; s}, q) cog(c, o) ob(o0, a0
, idle, {p})

By (TR-Configuration), (TR-Object) and (TR-Process),
there exists�00 that extends� such that�00 `c

R

new C(e) :
, 0 | �00. Let �

0 = �[o0 7! ]. The theorem follows by
the assumption that a

0 is well typed and p is empty (see
Footnote 2).

– Cog creation.

(New-Cog-Object)

c

0 = fresh( ) o

0 = fresh(C) p = init(C, o0)
a

0 = atts(C, [[e]]
(a+l)

, c

0)
ob(o, a, {l | x = new cog C(e); s}, q)

! ob(o, a, {l | x = o

0; s}, q) ob(o0, a0
, p,?) cog(c0, o0)

By (TR-Configuration), (TR-Object) and (TR-Process),
there exists�00 that extends� such that�00 `c

R

new C(e) :
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we have defined an inference system for  coreABS:	



1. lams are extracted automatically	



2. lam analysis is performed with three different algorithms	



	

 	

 for a prototype web interface, visit	


http://df4abs.nws.cs.unibo.it  !! ! !

!
!

!

http://df4abs.nws.cs.unibo.it
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module Factorial ;!
interface Math { Int fact_g(Int n); Int fact_nc(Int n);!
!}!
class Math implements Math {!
!Int fact_g(Int n){!
!! Fut<Int> x ;!
!! Int m = 0;!
!! if (n==0) { m = 1; }!
!! else { x = this!fact_g(n-1); m = x.get; m = n*m; }!
!! return m ;!
!   }!
!Int fact_nc(Int n){!
!! Fut<Int> x ;!
!! Int m = 0;!
!! if (n==0) { m = 1 ; }!
!! else { Math z = new Math(); x = z!fact_nc(n-1); m = x.get; m = n*m; }!
!! return m ; !
!   }!
}!

{ Math x = new Math(); Fut<Int> fut = x!fact_g(7); fut.get ;!
}!

EXAMPLE

27

### LOCK INFORMATION RESULTED BY THE ANALYSIS ###!
!
Possible Deadlock in Main:    true!
Current Version:              2!
Analysis Duration:            34ms
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module Factorial ;!
interface Math { Int fact_g(Int n); Int fact_nc(Int n);!
!}!
class Math implements Math {!
!Int fact_g(Int n){!
!! Fut<Int> x ;!
!! Int m = 0;!
!! if (n==0) { m = 1; }!
!! else { x = this!fact_g(n-1); m = x.get; m = n*m; }!
!! return m ;!
!   }!
!Int fact_nc(Int n){!
!! Fut<Int> x ;!
!! Int m = 0;!
!! if (n==0) { m = 1 ; }!
!! else { Math z = new Math(); x = z!fact_nc(n-1); m = x.get; m = n*m; }!
!! return m ; !
!   }!
}!

{ Math x = new Math(); Fut<Int> fut = x!fact_nc(7); fut.get ;!
}!

EXAMPLE

27

### LOCK INFORMATION RESULTED BY THE ANALYSIS ###!
!
Possible Deadlock in Main:    false!
Current Version:              2!
Analysis Duration:            32ms
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!Int fact_nc(Int n){!
!! Fut<Int> x ;!
!! Int m = 0;!
!! if (n==0) { m = 1 ; }!
!! else { Math z = new Math(); x = z!fact_nc(n-1); m = x.get; m = n*m; }!
!! return m ; !
!   }

EXERCISE
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write the typing proof of the method
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• the theory is also applied to pi-calculus (with Kobayashi):	



1. an association programs/lams is defined by means of an inference type 
system that derives lams	



2. we have a lam algorithm that covers linear and non-linear lams (circularity 
freedom of lams is decidable)	



• for related works and future research directions, see the papers 
at 	



www.cs.unibo.it/~laneve

• we are applying the same technique for analysing resource 
deployments in cloud computing

http://www.cs.unibo.it/~laneve
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QUESTIONS
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