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ABSTRACT. We prove a cone-type criterion for a boundary point to be regular
for the Dirichlet problem related to (possibly) degenerate Ornstein—Uhlenbeck
operators in RY. Our result extends the classical Zaremba cone criterion for
the Laplace operator.

1. Introduction. We prove a Zaremba-type criterion for a boundary point to be
regular for the Dirichlet problem related to degenerate Ornstein—Uhlenbeck opera-
tors in RY of the type:

£ = div (AV) + (Bz, V). (1)

Our result easily follows from a cone-type criterion for the Kolmogorov operators
L — 0y, recently obtained in [9], and a Tikhonov-type result stated in [12], comparing
the £ — O-regularity of the boundary point zy = (xg,tp) € 9Nx]0,T[ with the
L-regularity of zo € 9. Here Q denotes any bounded open subset of R, and ]0, T'[
the real interval {t e R | 0 <t < T}.

The N x N matrices A = (a;;); j=1,... n and B = (b;;); j=1,..,n in (1) are supposed
to have real constant coefficients, moreover A is symmetric and nonnegative definite.
r = (1,...,7x) denotes the point of RY, while div, V and ( , ) stand for the
divergence, the Euclidean gradient and the inner product in R¥.

Our crucial assumption is the hypoellipticity of the operator (1). We recall that
L is hypoelliptic if every solution of Lu = f, in a open subset of RY, is smooth
whenever f is smooth. In [11] some equivalent conditions of hypoellipticity for our
operator are listed. One of these conditions is the following one: the linear first
order partial differential operators

N
X’izzaikaﬂ?k7 i=1,...,N, and Y = (Bz,V),
k=1

satisfy the Hérmander condition
rank Lie{X1,..., Xy, Y}(z) =N VzeRY, (2)
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that is, the rank of the Lie algebra generated by Xi,..., Xy,Y, is maximum at any
point of RY.

Condition (2) is in turn equivalent to the existence of some basis of RV such that
the matrices A and B take the block form

40 0
=[5

for some pg X pg symmetric and strictly positive definite matrix Ag, pg < N. More-
over, if pg < N, i.e., if L is a degenerate elliptic operator, the matrix B can be
written as follows

By % ... % %
B = 0 BQ * * , (3)
0 0 ... B, =x

where B; is a p;_1 X p; matrix with maximum rank p;; 7 = 1,2,...,n, pg > p1 >
. > pp > 1and pg+ p1 + ... + pn = N. Every block * is a real constant matrix
that does not need to satisfy any particular condition.

Another condition, equivalent to the hypoellipticity of £, that we would like to

recall is the Kalman condition. More precisely, letting
E(s) :=exp(—sB), seR, (4)

the matrix
t
Ct) = / E(s)AET(s)ds, where E(s) :=exp(—sB), scR,
0

is strictly positive definite for every ¢ > 0.

Over the last few years significant advances have been achieved in the study of
degenerate Ornstein—Uhlenbeck operators. We refer the interested reader to the
papers [1], [3], [4], [6], [7], [8], and references therein.

Let us now consider the first boundary problem

Lu=0in Q,
ulaq = .

It is quite a standard fact that this problem has a generalized solution in the sense

of Perron—Wiener for every bounded open set € in RY and for every ¢ € C(99)

(see, e.g., [2], [5], [10]). If, as usual, Hfz denotes such a solution, then Hf; is smooth

and satisfies LH, 3 = 01in © in the classical sense. However, in general, it may occur

that Hg does not assume at the boundary the prescribed datum .
A point zg € 99 is called L-regular for €2 if
lim Hf;(ac) =p(xg) Ve C(00).
Tr—xo
It is the aim of this note to provide a geometrical L-regularity criterion which is
the analogue of the Zaremba cone condition for the Laplacian.
To state our result we have to define the £-cones of RY. Let us first introduce a
group of dilations (D;.),~q, defining

D, :RY — RY, D,(z) = Dr(x(PO)’x(m% o 7m(pn))
(rgc(pO), r3x(p1), o 7742n-i-1$(pn))

)

zP) eRPi. i=0,....n, r>0.
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Let zp be a point of RY. We call L-cone with vertex at xq a set of the type
K :={Dy(§) + B(=r*T)(z0) |0 <r <1, £ €V},

where T > 0, V is a open ball of R, E(s) is the matrix defined in (4).
Our criterion reads as follows.

Theorem 1.1. Let Q be a bounded open set in RN and let be xq € 0. Suppose
there exists an L-cone K with vertex at xo such that

K CRM\Q. (5)
Then xq is L-regular for .
Proof. Let T >0 and V C RY be a suitable Euclidean ball such that

K ={D.(&) + E(—r®T)(z0) | 0<r < 1,6 €V}

is contained in RV\Q. Let us consider now the evolution operator

H:=L—0
and define the cylindrical domain in RV+1

0 :=Qx]0,1].

As pointed out in [9], for every ¢ € C(00), the boundary value problem

Hu=0in O,
u|8(9 = d)a

has a generalized solution in the sense of Perron—Wiener. By the Tikhonov-type
result stated in [12, Teorema 2], the point z¢ € 9 is L-regular for  if and only if
the point zg = (o, t0), to €]0,1[, is H-regular for O.

On the other hand, by Theorem 6.2 in [9], z¢ is H-regular if the H-cone with
vertex at zg

K = {(Dp(€) + E(—=r*T)(x0), to —*T) | 0<r < 1,6 € V}

is contained in RV T\ O.
This condition is satisfied thanks to the inclusion (5). O

Remark 1. If A = Iy is the identity matrix in RY and B = 0, then £ in (1)
becomes the Laplace operator and Theorem 1.1 recovers the classical Zaremba cone
criterion [13].
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